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Abstract—A cross-layer network optimization problem is con-
sidered. It involves network and transport layers, treating
both routing and flows as decision variables. Due to the non-
convexity of the capacity constraints, when using Lagrangian
relaxation method a duality gap causes numerical instabil-
ity. It is shown that the rescue preserving separability of the
problem may be the application of the augmented Lagrangian
method, together with Cohen’s Auxiliary Problem Principle.
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1. Introduction

In the standard approach TCP congestion control together
with active queue management (AQM) algorithms at-
tempted to maximize aggregated utility over source rates,
assuming that routing is given and fixed at the timescale of
interest. However, it seems that it would be more profitable,
when we will treat TCP and IP layers together and max-
imize cross-layer utility at the timescale of route changes.
The integrated routing and network flow control problem
was first addressed by Wang, Li, Low and Doyle [1] and
independently by Jaskéta and Malinowski [2]. Unfortu-
nately, due to the nonconvexity of the constraints’ func-
tions, the algorithm based on the price method (Lagrangian
relaxation) is numerically unstable. Duality gap is the rea-
son of problems [1]. The paper shows how this gap can be
overcome, while not losing separability of the problem.

2. Problem Formulation

Our goal is to maximize the sum of utilities of all con-
nections with respect to routing and flows over the whole
network, taking into account the capacities of links.
Formally, the optimization problem can be described as
follows:

U, 1
(PR g & Uslo), W
Rx<c¢,R= [rij]fxf , 2)
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where:

Xg — flow from the source s to a (single) destination
node;

xeX C RS — vector of all flows;

S — the set of all sources;

X — the set of admissible flows; it is a Cartesian
product of intervals X belonging to nonnega-
tive half lines;

Us — the sources’ (connections’) utility functions; it
is assumed, that they are strictly concave and
continuous;

L — the set of all links;

R — the matrix of binary elements with the num-
ber of rows equal the number of links L and
the number of columns equal the number of
sources (active connections at a given time);
the element r;; equals 1 when the link [/ be-
longs to a path from the source s to a given
destination node;

Ry — s-th column of the matrix R;

R — the set of all possible vectors representing
paths from s to a given destination node;

R — the set of all possible matrices, that is all pos-
sible combinations of vectors from the sets R;;

(S RE — links capacity vector.

3. The Standard Price Decomposition
Method

The Lagrangian for the problem (1)—(2) is as follows:

L(x,RA) =Y Usxs) = Y & < Y rigxs— c,)

seS leL seS
=Y (Us(xs) — X5 szlrls) +Y Aier, 3)
ses leL leL

where A; are nonnegative Lagrange multipliers. Due to the
duality theory, this Lagrangian will be further maximized
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with respect to x and R and minimized with respect to A [3].
The iteration in the standard price method consists of two-
steps [1]:

1. Solve the primal problem

( xs —Xs Z A'l rls) .
leL
“4)

Let us notice that owing to the specific structure and
the nonnegativity of x; for all s the overall optimiza-
tion problem (4) can be decomposed in the following

(<(0),R(r)) = arg_max ZS

way:
— At =
e (00— B0
= Zmax [U (xs) + max ( xSZ),l rls)]
A'GSX“EXS leL
max | Uy(xs) —x; min ( At rh)]. 5)
SESXSGX‘S |: RyeRy IGZL

From the final form of Eq. (5) it is seen, that [1]:

— the primal problem (4) can be decomposed into
a family of problems assigned to subsequent
sources s with local variables xg, 7,72, ..
which can be solved independently,

— the inner optimization ming e, ¥z Ay (¢)r; for
the given source index s (and its connection to
a destination node) is simply the shortest path
problem with metrics defined by Lagrange mul-
tipliers A;(¢), 1 =1,2,... .

Summing up, the problem (4) may be solved by solv-
ing for every source s € S:
e The shortest path problem:
Ry(t) =arg min Y A;(¢)r 6
(1) = arg A :RYZEZL 1(2)7is - (6)

Let us denote the optimal value of the perfor-
mance index in Eq. (6) as d,(¢), that is:

1) =Y (t)r(t). (7

leL
e The flow optimization problem:

)rcsnea}é (Us(xs) — x5ds(t)) - ®)

2. Modify Lagrange multipliers so as to get a better
approximation of the solution of the dual problem

mianO[LD(l) = maxxEX,REﬂQL(x7Ra A’)]
—Cl)) ,lel,

e+ ) =max (0.4 +p (L0 )
)

ses
where p > 0 is a properly chosen step coefficient.

Unfortunately, this algorithm is unstable [1]. The reason
is a duality gap caused by the nonconvexity of capacity
constraint (2) and the discrete character of variables ry.
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4. Augmented Lagrangian Approach
and Auxiliary Problem Principle
in Cross-Layer Optimization
In optimization problems where the duality gap is
present, we use augmented Lagrangian or, in other words,

shifted penalty function method [3], [4], [5]. For the prob-
lem (1)—(2) it will have the form:

La(x,R,2)=Y Us(x;)— Zpl{[max(,

seS IGL

%)T( )} g

= Z pi { |:p, max (O, (mes *Cl) +

2507 =

%)} A(5) g

- Z {[max (0,/1, +p (Z FisXs+

leL P seS

c,)>] - QL,Z}, (10)

where p;,l € L are penalty coefficients.

(Z r,sxs—cl)—i—

seS

The solution of the problem (1)-(2) is sought, as before, by
solving the minimax problem:

min max L,(x,R,1). (11)
2>0xEX ,RER
Augmented Lagrangians have one serious drawback — due
to the quadratic terms (in our case — squares of the sums
of products of variables) they are not separable, that is the
optimization problem is not decomposable.
The easiest way to transform the augmented Lagrangian to
a separable form consists in the application of so-called
Auxiliary Problem Principle proposed by Cohen [6], [7].
This principle says, that if we want to solve the problem:

max.Jy (u) +Jo(u), (12)

where J; is an additive (that is separable), strictly concave
functional, while J, is a differentiable, nonadditive, not nec-
essarily strictly concave, functional, we may instead solve
a sequence of auxiliary problems:

— () —
ult+1)= argmax [GS (u) =
eJi(u)+e < J5(u(t)),u>—Ku)+<K'(ut)),u>|. (13)

In the above expression, < .,. > denotes the scalar product,
€ > 0 — a constant parameter, ¢ is the index of iteration and

K(u)=|ulf3. (14)

In short, the idea of this transformation lies in the lin-
earization of the nonseparable component and addition of

201

JOURNAL OF TELECOMMUNICATIONS
AND INFORMATION TECHNOLOGY



Integrated Routing and Network Flow Control Embracing Two Layers of TCP/IP Networks — Methodological Issues

a regularizing, strictly concave, proximal component (more
precisely, the subtraction of a strictly convex proximal com-
ponent |[u— u(t)||3, with accuracy to the constant ||u(t)||3,
which does not influence the optimization).

In the case of our problem (1)—(2) with the augmented
Lagrangian Eq. (10):

= Lﬁ] (15)
u) =Y Us(x,), (16)

seS
hw)=—1y 0,2 2 A
2(”)516225{[max<’ 1+P1(S;Sr1sxs61)>] - z}
(17)

) u):gZUs(xs)—EZ{ {max (0,&1—1—
SES seS \lel

+pi (ZV‘, riv(t)x (1) — Cl)) P ()xg+
+max (o,al +p; (zv:rlv(t)xv(t) = c,)) xs(t)rls} }+
-y (xf. +Y r,zs> +2) x(x+2Y Y

seS leL seS seSIeL

)ris- (18)

5. Decomposition Scheme
and the Algorithm

Grouping together and rearranging terms dependent on the
same variables in (18), we will get:

G:(t) (u) — Z |:8Us'(xs) 7)?% + ZXS(I)XX+

ses

_meax (0 ),l—l—pl(Zr,v X )—cl))rls(t)xs] +

leL

- Z Z |:r%r - 2rls(t)rls + €max (0,),[—}—

seSlel
o Ern-a) Juon|. a9

Let us notice that for r;; € {0, 1}, rfs = ry5, S0 we will finally
get:
Gg(t) (u) = Z {EUS (x5) — xf + {Zxx(t)Jr

seS

Szezimax<0 /1,+p,(2r,v Xy )cl)>r[s(t)]xs}+
—ZZH]-% +8max<0 A+

seSlel

+Pz(;V1v(f)xv(f) _Cl))XS(t):| Vls}- (20)
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Let us denote now:

(xw)* €,p) = eUs(xs)— xf—l—

+[2xs —elezimax (o ),l—l—pl(Zrlv (1) cl))rls(t)}xs,
(21)

op (Mae,pr) = 1= 2r,()+
+emax (o,al n pl(Zrlv(t)xv(t) - cl))xs(t). (22)

With this notation the function GZ([) (1) can be written as:

D) =Y v 2.60) - LY 01 (A e, o)
ses seSlel 23)
(

and the primal optimization problem max L,(x,R,A)
xeX,RER

with the augmented Lagrangian (10) is equivalent to the
following auxiliary problem:

):ZVSM(I)('XM )’785 P)_Z Z(Plus(l)(z’la gvpl)rls:|:

max [Gg([)(u
xeX,RER

seS seSleL
_m%?ZV (x5,A,€,p) gnnZZq)ls (A1, p1)ris =
YeX es seSIeL
=y max V") (x;,,€,p) — min Z(p,S (A1, €,00)715 | -
s -5 S
ses x5 EX, Reex leL

(24)

Let us notice that the structure of the problem (24) is
very similar to the problem (4), but the decomposition
scheme goes further, because actually for a given A we
got a complete separation of the shortest path problems
(variables ry,), from the flow optimization problems (vari-
ables x;).

The simplest gradient steepest descent algorithm of modi-
fication of the Lagrange multipliers due to Eq. (10) will be
the following:

ll(t—i—l):l,(t)(l—g)-k
+£ max (0 Ai(t) +Pl(§grzs X5 )_Cl))- (25)

The values of parameters should be chosen from the inter-
vals [7]:

O<ﬁ§rlniilpz, 0<e< (26)
S

2
I{IEaLXPI

where b, T are, respectively, Lipschitz constants of the func-

tion K (14) and the constraint function (2).

Summing up, the iteration of the modified, based on aug-

mented Lagrangian approach, algorithm will be as follows:

1. Solve the primal problem, decomposed into the fam-
ily of independent problems for every source s € S:

[)(-xsvl(t);gvp)v (27)

xs(t) = arg ;nea)?( V;‘(

ris(¢) = arg min Y o (u).e.pms. (28)

YleL
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Functions V{"*) and o ) are defined by Egs. (21)
and (22).

2. Modify Lagrange multipliers for all links [ € L

Mo+ 1) =40

)

max (O,),l (1) +pu ( Z rys(0)xg(2) — cl)) . (29)

ses

B

_l’__
pi

The presented approach was implemented and thoroughly
tested on many big networks generated by Netgen [8]. The
results proved its high effectiveness [9], [10].
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