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Abstract—Wavelets are becoming increasingly used as a tool

for the analysis of non-stationary data. To transmit the coef-

ficients resulting from the signal decomposition traditionally

their combination into a single data packet is used, without

including unequal energy contribution of each factor and im-

pact of the decomposition level. This paper analyzes (at dif-

ferent transmission speeds) the signals properties produced

by classical modulation methods and spline modulation for

wavelet coefficients transmission proposed by the author. For

all signal types the additive Gaussian noise is used as a noise

disturbance.

Keywords—multi-speed channels, spline-modulation, spline

Savitzky-Golay filter, wavelet decomposition.

1. Introduction

Filter banks and wavelet decomposition, are widely used

for the analysis of non-stationary one-dimensional and two-

dimensional data in many areas of research, such as pro-

cessing video, audio, seismic, cardiology and many other

signals [1]–[4].

Continuous expansion of the multiscale data representation

and their applications is an important factor that determines

the development of transmission methods. Easy hardware

and software implementation are the fundamental condi-

tions for most data transmission systems. To one of fea-

sible solution for the wavelet coefficients transmission this

article is dedicated.

Classical structure of three level algorithm of wavelet de-

composition proposed by Mallat is shown in Fig. 1 [5].
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Fig. 1. Block-diagram of three-level wavelet decomposition.

At each decomposition level of approximating coefficients,

detailing bits twicely reduce their quantity at the expense

of decimation data, which is clearly seen in Fig. 2 [6].

On the last decomposition’s level the number of approx-

imating and detailing coefficients become equal. If the

signal does not contain low frequency components, its ap-

proximation coefficients during the expansion are close to

zero and don’t have to be transmitted [4]. The simultane-

ous transfer of approximating and detailing coefficients is

planned to be investigated later and in this article will not be

considered.
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Fig. 2. Sequential decimation in the discrete wavelet decompo-

sition.

While considering the hierarchy of wavelet decomposition,

then the highest level of decomposition is based on the

coefficients that correspond to low frequency signal com-

ponents.

In existing data transmission systems, the expansion coef-

ficients obtained for direct transmission over the commu-

nication channel are encoded using Huffman or arithmetic

compression algorithm and transmitted using the serial two-

or multiposition modulation techniques, divided into pack-

ets using channel coding or not. The use of coding aligns

the error’s probability of all the coefficients, however, in

many applied problems it is possible, from the perspective

of reducing energy contribution, to assert with confidence

that the coefficients significance proportionally decreases

from the base of the pyramid to its top.
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The situation is similar for data transmission systems of

telemetry and remote control. The bits significance of bi-

nary words that correspond to the parameters of object’s

motion, i.e. speed, direction, for example, transmitted from

the drone, is also not the same, decreases in proportion to

the reduction in the weight category of the word. Errors in

transmission LSBs will have less effect than MSBs.

Therefore, if the data transmission system due to its-

characteristics cannot guarantee the transmission’s reliabil-

ity of the coefficients at all decomposition’s levels during

changes of interference, e.g. without the use of channel cod-

ing. It must take into account their importance mentioned-

above.

The transmission through the communication channel of

all coefficients can be done sequentially: first all the coef-

ficients of one level of decomposition, then the next and so

on and in parallel (simultaneous transmission of sequences

of coefficients at all levels of decomposition).

Unlike parallel transmission, serial transmission the whole

tree of coefficients requires an increase of the data rate

in proportion to the number and capacity of coefficients,

which is not always possible. Also, in this case is more dif-

ficult to provide a inverse relationship mechanism between

the probability of occurrence of errors in the transmission

coefficient and its significance in the wavelet decomposi-

tion.

In the process of wavelet decomposition of the generated

coefficients for the same period of time, the ratio of the

scale factor changes twice between adjacent levels. Re-

spectively, it is possible to consider the data received on

the output of the decomposition circuit (algorithm), as

several multi-speed channels.

2. Analysis of Recent Research

and the Problem Statement

It has to be noted that the transfer of the wavelet coefficients

as variable-speed flow, until this time was not considered.

Possible variant of implementation can be the integration

of individual channels in the OFDM system (using clas-

sic types of modulation in each) or wavelet packet mod-

ulation [7]–[11]. But the applied mathematical apparatus

requires complex hardware and DSP processor. To transfer

data from sensors using inexpensive systems their applica-

tion would not be justified.

Let us consider possible ways of transmission of the

variable-speed data stream, that is existing, widely

used modulation types: Multilevel Phase Shift Keying

(MPSK), Multilevel Frequency Shift Keying (MFSK),

M-ary Quadrature Amplitude Shift Keying (MQASK) and

compare them with the spline modulation proposed by the

author in [12] with certain modifications:

• interpolation directly exposed fragments of sine

waves (previously fragments of sine waves were in-

terpolated using cubic Hermite splines),

• the value of the signal amplitude across different

channels (previously scope of each of the channels

was the same),

• the number of channels is 8 (compared with 2 chan-

nels discussed earlier [12]).

Note, that the analysis is carried out at baseband, or rather

its complex envelope, not a band-pass signal that can be

considered like equivalent to [13], although it requires less

time spent on modeling.

3. The Wavelet Coefficients Transfer’s

Characteristics of the Classical Types

of Modulation and Spline-modulation

3.1. Transfer by the Spline Signal

Block diagram of a multi-speed digital data transmission

system, implemented by using cubic Hermit splines (as

Nyquist pulse) is shown in Fig. 3. It uses 8 channels in

it is eight and equal to the number of levels of the wavelet

expansion coefficients.

Binary sequence x1-8, corresponding to the coefficients

of detail wavelet decomposition from the generator coeffi-

cients of decomposition arrive at 8 interpolators, consisting

of devices adding zeros (represented with arrows up) and

filters with finite impulse response. The impulse response

filter is a cubic spline samples.

Basic functions of local cubic Hermit spline B(t) is

a smooth function with continuous first derivative and al-

lows interpolated value of a specific function f (t) (in this

case binary sequences in any one of the outputs of the ex-

pansion coefficients generator). The function f (t) takes in

time one of the two possible values 0 or 1.

The general formulas of the spline equations and four frag-

ments of which it is composed are of the form:

B(t)= f (t1) ·X0(t)+ f (t2)·X1(t)+ f ′(t1)·X2(t)+ f ′(t2)·X3(t),

X0(t) =
2 · t3

−3 · t2
· (t1 + t2)+ 6 · t1 · t2 · t − t2

2
· (3 · t1 − t2)

(t2

1
−2 · t1 · t2 + t2

2
) · (t2 − t1)

,

X1(t) =
(t − t1)

2
· (2 · t + t1 −3 · t2)

(t1 − t2) · (t2

1
−2 · t1 · t2 + t2

2
)
,

X2(t) =
(t − t1) · (t

2
−2 · t2 · t + t2

2
)

(t1 − t2)2
,

X3(t) =
(t − t1)

2
· (t − t2)

(t1 − t2)2
,

where t – discrete times in the interval [t1, t2]; t1, t2 –

time value of binary values occurrence at the output of

the expansion coefficient generator (interpolation nodes);

f (t1), f (t2) – binary values at the output of the decompo-

sition generator (the function values of the nodal points);
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Fig. 3. Block diagram of an 8 multi-speed spline system of transmition of digital data.

f ′(t1), f ′(t2) – derivatives of the function f (t) in time mo-

ment t1 and t2 (defined as the difference between the current

value of the function and the value of in the previous time

of binary values occurrence at the output of the expansion

coefficients generator). Figure 4 shows the value of the

function f (t) for the case when the signals at the output of

the expansion coefficients generator at times t1 = 0 s and

t2 = 1 s are equal respectively f (0) = 1 and f (1) = 0. The

derivatives in these times are equal respectively f ′(0) = 0

(assuming equal to zero the output state of the expansion

coefficients generator until moment t1), and f ′(1) = −1.
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Fig. 4. The interpolation process of the binary sequence fragment

using a spline.

The number of counts added to the interpolation process, is

proportional to the interpolation factor as a multiple of two

and is equal to 2
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respectively from the first to the eighth.

Interpolators equalize the number of samples in the signal

of each channel for the same period and generate a cor-

responding channel’s spectrum. The resulting smoothed

binary signals (Fig. 4) are multiplied by the appropriate

scale factors, shown as numbers with multiplication sign

ahead, and fed to an adder at whose output a group signal

appears (group). It is equal to the algebraic sum of the

channels signals. The described elements are transmitted

(transmitter).

The rate of binary sequences arrival at each level of de-

composition increases with decreasing channel number.

The spectrums of video signals corresponding to the coef-

ficients of the expansion, are shown in Fig. 6 above. The

spectra of these signals after the spline interpolation, for

each of the channels are shown in Fig. 6 below.

Detailing of the baseband signal into the transmission chan-

nels from the first to the eighth 1024, 512, 256, 128, 64,

32, 16 and 8 bits respectively, and its energy spectrum is

shown in Fig. 7a from above, and below is shown the cor-

responding energy spectrum.

Figure 7a shows that the energy of the baseband signal due

to the uneven capacity of each separate channels (due to

scaling factors), focuses in the band the least speed chan-

nel. However, during transmission, the bandwidth should

be limited to the first zero of the energy spectrum lobe

highest speed channel, to store information in all channels.

Group signal, after passing through the channel (channel

with AWGN) in which it is added to the Gaussian noise ar-

rives to the receiver (receiver). At the receiver group signal

is in the process of decomposition to the individual channel

signals, starting with the least-speed channel (Channel 8).

Next, the signal passes through the spline filter Savitzky-

Golay eighth channel (SG8) (filter Savitzky-Golay with the

basis spline). This filter generates an estimate of the trans-

mitted signal form of the eighth channel given by:

Ŝ8 = (P8
T
·P8)−1

·P8
T
·G N,

where Ŝ8 – evaluation form transmitted in the eighth chan-

nel signal, P8 – planning matrix composed of four sample’s

fragments of the spline, and G N – vector samples of mix

group signal and noise (the values that come with the block

channel with AWGN).

Based on the obtained evaluation of the transmitted signal’s

form, a threshold device is used (hard decisions) determin-

ing the evaluation of binary values (zero or unity) trans-

mitted in the eighth channel, which is input to the eighth

channel’s spline interpolator, identical to that used in the

transmitter.

The restored copy of the eighth channel signal is subtracted

from the signal G N. The difference is input to the next

spline filter Savitzky-Golay (SG7), where the procedure is
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repeated. The only difference is in the planning matrix,

which is composed of four fragment of spline seventh chan-

nel and the signal difference G N. G N replaced and re-

stored copies of the 8 signal channel. Thus, binary values

are defined in all 8 channels of the system.
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of the probability error on the SNR for the data transmission

system using spline modulation.

On the basis of ten measurements is estimated averaged er-

ror probability to each of the eight channels according on

the signal to noise ratio (SNR), range from –60 to 60 dB,

depicted in Fig. 7b. It shows that the probability of error

in each channel are not the same and increases with speed.

It is the predictable reaction to a different power level and

bandwidth of each channel. The presence of local peaks

of errors similar to multiple channels is due to an error

in lower-speed channel that was not correctly restored and

compensated in a certain period of time, resulting in in-

correct identification bit (bits) in it. This feature may be

reduced by identifying higher average level of the signal at

the next channel’s input (in this embodiment, this feature

still needs more research), or application code protection

from errors.

3.2. Transfer of MFSK

Consider the transmission of the same data using MFSK

modulation with minimum shift. To do this, each of the bi-

nary sequences of wavelet decomposition coefficients was

seen as a change in the individual bits of the binary

bit character with 256-character alphabet. To narrow sig-

nal’s spectrum, the most high-speed channel corresponds

to a smaller value for the discharge character, as shown

in Fig. 8.
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Fig. 8. Distribution of the expansion coefficients according to

categories of characters.

Because the signal changes of x8 are 128 times slower

than x1, its value stored (interpolated one and the same

value) for transmittion of 128 bits of x1 channel. Similarly,

for channel x7 (but for transfer 64 bits of x1 channel) and

so on.
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(top) and a sequence of characters (bottom), (b) dependence of the

error probability on signal to noise ratio for a data transmission

system with help of minimum shift MFSK.
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The above-described feature of the wavelet coefficients rep-

resentation as the data will be preserved when MPSK and

MQASK are used.

Figure 9a depicts the energy spectra of MFSK and signal

as a sequence of characters having the same sampling rate

(1024 Hz) and the number of transmitted bits in the chan-

nels on the splines schema. As can be seen the width of

the MFSK signal’s spectrum is n times greater (where n

is the number of the alphabet’s characters) than the spec-

trum’s width of the symbols sequence, which in turn is

determined by the change’s rate of bits in the symbol of

the most high-speed channel.

The dependence of the error probability on the signal to

noise ratio is shown in Fig. 9b. In spite of some bursts

in the most high-speed channel, the main form of depen-

dence is almost the same for all channels. Note characteris-

tic for frequency modulated signals resistance to Gaussian

noise.

3.3. Transfer of MPSK

Consider the transmission characteristics compared to sim-

ilar signal MPSK modulation. The spectral width of the

signal by the zeros of the first lobe in the range of
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Fig. 10. Characteristics of MPSK: (a) the energy spectrum of

MPSK (top) and a sequence of characters (bottom), (b) the de-

pendence of the probability of error on the signal to noise ratio

for the data transmission system with help of MPSK minimum

shift.

256 Hz corresponds to double value of the transfer rate

of the fastest channel, 128 bit/s (Fig. 10a).

The dependence of the error probability on the signal to

noise ratio between the channels is characterized by uneven

curve, as in the spline-system, with decreasing reliability

at increasing bit rate (Fig. 10b).

3.4. Transfer of MQASK

As for the signal modulation MQASK, its spectrum has

the same features as that of MPSK (Fig. 11a), but the de-

pendence of an error probability is specific. Channel pairs

1-5, 2-6, 3-7, 4-8 show almost the same dependence on the

signal to noise ratio (Fig. 11b).
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Fig. 11. Features: (a) power spectrum MQASK (top) and a se-

quence of characters (bottom), (b) the dependence of the error

probability on the signal to noise ratio for the data transmission

system with help of MQASK.

4. Conclusions

All the considered modulation schemes allow to arrange

the values of the decomposition’s coefficients, but only in

the spline and MPSK modulation during the transmission

of the coefficients remains the dependence of their validity

and reliability. In this case the spectral width of the first
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lobe corresponds to the speed of transmission in most high-

speed channel. For MQASK modulation it is observed the

irregular dependence of the error probability between the

channels, and the spectral width equal to the width of the

MPSK spectrum.

The MFSK modulation transmits all coefficients with the

same error probability, and requires significantly greater

bandwidth than all the other methods of modulation.

In many cases, when transmitting signals from the direct

source of information to the receiver in the data collection

systems it is rational to simplify the scheme of the trans-

mitter and complexity of the receiver. The use of classical

modulation methods for transmission of wavelet coefficients

requires additional use of the quadrature modulator, which

typically represents a separate functional unit that compli-

cates and increases the cost of the transmitter. Group spline

signal can be generated by means of pulse-width modulator,

which is common, even in low-cost types of controllers.

Together with built in it analog to digital converter, and

a fast algorithm for multiresolution wavelet decomposition,

it forms an element of data collection, as suggested in [14]

for transmission on two-wire or coaxial cable.
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