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Abstract—In this paper, the end-to-end performance of a sin-
gle-branch two-hop amplify-and-forward (AF) relaying net-
work in a mixed Rayleigh-Nakagami-m fading environment, is
investigated. Four different fading scenarios and three stan-
dard relay configurations for each scenario are considered.
Exact analytical expressions for the outage probability and
tight upper bounds for the ergodic capacity are derived. Re-
sults of Monte Carlo simulations are provided to verify the
accuracy of the analytical results.

Keywords— amplify-and-forward (AF), decode-and-forward
(DF), two/dual-hop relaying, outage probability, ergodic
capacity, signal-to-noise ratio (SNR).

1. Introduction

In a challenging wireless communication environment, co-
operative relaying may be used to extend the coverage area
and to enable high speed information transfers [1]-[4].
In relay networks, a source node (S) communicates with
a destination node (D) through one or several intermedi-
ate nodes (R) referred to as relays. The two main relay-
ing protocols are regenerative and non-regenerative relay-
ing [5]. Decode-and-forward (DF) relaying [6], [7] is the
most commonly used regenerative relaying protocol, where
the relay detects and decodes the signal received from the
source and then re-encodes and re-transmits it towards the
destination. Amplify-and-forward (AF) relaying [8], [9]
is a straightforward and popular non-regenerative relaying
protocol. In AF relaying, the relay simply amplifies the sig-
nal received from the source and forwards it straight to the
destination.

In a practical scenario, because of the geographical location
of the relay node and its distances with respect to the source
node and the destination node, different links may experi-
ence different fading conditions and, rarely, similar fading
conditions. For example, one link may be in a line-of-sight
(LOS) situation, while the other link may be in a non-LOS
situation. Both of them may operate in a LOS or a non-
LOS scenario as well. In the literature, the former situation
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has been described as an asymmetric or mixed fading sce-
nario, while the latter has been described as a symmetric
fading scenario.

Initially, most works focusing on single-branch single-
relay cooperative networks considered the symmetric sce-
nario [8], [10]-[12]. Later, increasing interest in the asym-
metric scenarios was observed. Authors of [3] derived exact
and lower bound expressions for the outage probability and
the average bit error probability for a two-hop AF relaying
network over a mixed Rayleigh-Rician fading environment.
After that and considering the same fading environment,
more cooperative relaying models were studied, for instance
the two-hop AF models in [13], [14] and the two-hop DF
model in [15].

A mixed Nakagami-Rician fading environment was consid-
ered in [16], while the authors of [17] studied the perfor-
mance of AF cooperative relaying in a mixed Rayleigh-
generalized Gamma fading environment. The work [18]
studied the performance two-hop AF relaying in an asym-
metric Nakagami-lognormal fading environment, deriving
novel closed-form expressions for the outage probability
and the symbol error rate. In a recent study on two-hop
AF relaying [19], a non-identical Rician fading environ-
ment was considered. Kumat ez al. analyzed, in [20], the
performance of QAM in AF cooperative networks over
Rayleigh fading channels. In [21], the authors developed
a unified framework to evaluate the performance of single-
branch two-hop AF relaying, in the presence of transceiver
hardware impairments, in a symmetric Nakagami-m fading
environment.

A crucial design issue affecting AF relaying is the selec-
tion of the relay amplification factor based on the noise
power and the source-to-relay channel state-information
(CSI). Three standard AF relay configurations are known
in the literature, namely channel-noise-assisted (CNA) re-
laying [22]-[24], channel-assisted (CA) relaying [11] and
blind relaying [3], [12].

In the previously mentioned works and in numerous other
studies related to the analysis of performance of single-
branch dual-hop AF relaying over fading environments, ei-
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ther their fading conditions are limited to one fading sym-
metric or asymmetric scenario, or their relay functioning
is limited to just one configuration. In this study, four
different fading scenarios are considered, where each of
the two hops’ links may experience either a Rayleigh or
a Nakagami-m fading. Under each of the four fading sce-
narios, three different relay configurations are considered,
namely CNA, CA and blind relaying. Such an approach
renders twelve different fading scenario-relay configura-
tions. The contribution of the paper consists in deriving
an exact analytical expression for the outage probability
and a tight upper bound for the ergodic capacity for each
of the twelve cases referred to above.

The remainder of the paper is organized as follows. Sec-
tion 2 presents the system and channel model. In Section 3,
exact analytical expressions for the outage probability and
tight upper bounds for the ergodic capacity are derived.
Some Monte Carlo simulations are carried out and their
results are provided in Section 4. Finally, Section 5 con-
cludes the paper.

For quick reference, we wish to provide an explanation
of the common notations used in this paper. K,(.) is the
modified Bessel function of the second kind [30] of order v.
Wy(.) denotes the Whittaker function [30]. 2F;(a, B;7;.)
represents the Gauss hyper-geometric function [30]. fx (x),
Fx(x), Fx(x) and Mx (s) denote PDF, CDF, complementary
CDF and the MGF of a continuous RV X, respectively. Z*
denotes the set of positive integers. The gamma function
I'(n) of integer n satisfies I'(n) = (n— 1)!.

2. System and Channel Model

As shown in Fig. 1, this work considers a single-branch
single-relay (i.e. a two-hop) AF cooperative relay network,
where the transmission from source S to destination D via
relay R takes place in two time slots. In the first time slot,
S sends its signal to R. In the second time slot, R amplifies
the signal received from S by a gain factor G, and forwards
the resultant signal to D [19], [25], and [26]. It is assumed
here that there is no direct or indirect path other than the
S — R — D path. For the end-to-end (E2E) signal-to-noise
ratio (SNR) A of this system, the model proposed in [25]

is considered:
AA

=, (H
aNi+ A+ b

where A; = %|hi|2 represents the instantaneous SNR of
the i-th hop, with P; being the transmission power of s;,
N; being the power of the additive white Gaussian noise
(AWGN) component 7;.

hy m hy n

s l l N1 5 l l Y2

source -— first hOp e relay «—second hOp —» destination

Fig. 1. Block diagram of single-branch dual-hop AF relaying.

40

The channel magnitude {|A;|} is modeled either as
a Rayleigh or a Nakagami-m distributed RV, so as stated in
Table 1, four different fading scenarios will be considered.

Table 1
Four different fading scenarios considered
in this work

Case S—Rlink {|s]} | R—D link {|no|} |
Scenario 1 Nakagami-m Nakagami-m
Scenario 2 Nakagami-m Rayleigh
Scenario 3 Rayleigh Nakagami-m
Scenario 4 Rayleigh Rayleigh

The instantaneous SNR, A;, is either exponential or Gamma
distributed. Their PDFs are ffix” (x)=(1/ l_i)e%; x>0,
and f}; (x) = (x%1/T(0) Bia")eﬁ_j); x > 0, respectively.

The E2E SNR in Eq. (1), corresponds to a gain given by:

P
2 2
== 2
a|h1|2P1+bN1 ’ ( )

where a,b > 0.

The setting P = P, =1 in Eq. (2) corresponds to the model
considered in [25]. Note that the choice of the values of
the parameters a and b reflects the relay configuration with
(a,b) € {(1,1),(1,0),(0,1)} representing CNA, CA, and
the blind relay configuration, respectively.

3. Performance Analysis

Given the E2E SNR, A in Eq. (1), we provide here exact
closed-form expressions for the outage probability and tight
upper bounds for the ergodic capacity of the system in con-
sideration. All the expressions will be given as functions
of parameters a and/or b.

3.1. Outage Probability

The outage probability denoted by P, (x) is defined as the
probability that the channel fading makes the effective end-
to-end SNR fall below a certain threshold x characteristic
of acceptable communication quality:

P(,m(x)Pr(Agx)Pr[ Ao <]. 3)

a1+ M+ b =%

After applying some algebraic manipulations, P, (x) may
be expressed as:

ax® + bx

Poua(x) = 1 — /0 N (ax+ ) fa e+ )z @)

where Fj,(x) = 1—F,(x) is the complementary CDF of A;.
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First Scenario:

e For the CNA relay configuration, the outage proba-
bility Py, (x) in Eq. (4), will be given for x > 0 by

,(i+ ) aj—lop—1
Pou(x)=1—2e \Bi B Z Z chnkm
k=0
( +b) b ntm+1
ax X
Ky—m+1 24| ——— —
X Kp—m+1 [31ﬁ2 <a+x)
><‘x0£]+k7 (5)

n=m+1-20;  _n—1-2k
k—m 2 2
a [31 ﬁz

m!(k—m)!n!(o; —1—n)!

where ¢ (n,k,m) =

e For the CA relay configuration, the outage probability
P, (x) in Eq. (4), will be given for x > 0 by:

og—lap—1 k

Z Z c1(n,k,m)
=0 k=0 m=0

ax ntm+1
X Kp_mi124/ a 2 xatk(6)
n—m-+ B[Bz

e For the blind relay configuration, the outage proba-
bility Py, (x) in Eq. (4), for x > 0 will be:

Pralx) =126 (B0

1 a—lop—1

Pu(x)=1—2e A" Y Y ik
n=0 k=0

bx 2a +k—n—1
X Ky k1124 5% 2 , (D
n—k+1-20 bkl
BT () 2
where c(n,k) = AR —n—1)!
Proof: See the appendix. |

Second Scenario:

e For the CNA relay configuration, the outage proba-
bility P, (x) in Eq. (4), will be given for x > 0 by:

) o1
Poa) = 1— 26 (BrH5)* IZ c3(n)
n=0

b b\ 7
X[(n+12 m(d—i——) xm’ (8)
By X
ntl-201 pyq
ﬁl 2 % 2

where C3 (i’l) = m

e For the CA relay configuration, the outage probability
Pou(x) in Eq. (4), will be given for x > 0 by:

ap—1

¥

X Kpi1 2 xa"T x4 . (9)

ﬁl B
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e For the blind relay configuration, the outage proba-
bility P, (x) in Eq. (4), for x > 0 will be:

LAt bx
Pour(x) =1-2e TR ZC3 K12 —ﬁIYZ
n 200 —n—1
b T x T . (10)
Proof: See the appendix. |

Third Scenario:

e For the CNA relay configuration, the outage proba-
bility Py (x) in Eq. (4), will be given for x > 0 by:

on—1 k

Z ZC4(k7C])
=0 4=0

Poa(x) = 1 — 20~ (B 5"

g+l

b b\ 2
< Ki_y2 M<a+—> )
nB2 x
. 7942;1 4712721(
Ty, B
where c4(k,q) = (l]qu—7&.

e For the CA relay configuration, the outage probability
Pou(x) in Eq. (4), for x > 0 will be:

-1 k

Z Z C4(kaQ)
=0 g=0

< Ki_g2, /YI%zxaqTka . (12)

e For the blind relay configuration, the outage proba-
bility P, (x) in Eq. (4), for x > 0 will be:

Paul(x) =1- 267(%+%)x

062 1 bx
=1-2e 71 cs(k)K —
oul( ) Z 5 1— q 7 BQ
xx' T (13)
" G, kg
where ¢s(k) = +
Proof: See the appendix. |

41



Slimane Benmahmoud

Fourth Scenario:

e For the CNA relay configuration, the outage proba-
bility P, (x) in Eq. (4), for x > 0 is:

(ax+D) e,(leJrg)x

Foux) =12 ny

(ax+b)x '

XK] 2
Ny

(14)

e For the CA relay configuration, the outage probability
Pou(x) in Eq. (4), for x > 0 will be:

P,,ut(x) = 1*2 er (%Jr%)x
V 1712
a
XKy 24/ ——x. (15)
nr

e For the CA relay configuration, the outage probability
Pou(x) in Eq. (4), for x > 0 will be:

Poa() = 1 -2,/ Poe 0% x Ky 2, [ x . (16)
nnr nr.

Proof: See the appendix. |

For a =1, Eq. (15) reduces to Eq. (27) in [10].
For b = ¢, Eq. (16) reduces to Eq. (9) in [12].

3.2. The Ergodic Capacity

For a single-branch single-relay AF relaying network, the
ergodic capacity (in bits/channel used) can be expressed
as [26]:

Ce é—E{]ng( +A)}7 (17)

where A is the end-to-end SNR in Eq. (1).

The ergodic capacity in Eq. (17) can be upper bounded as
follows:

1 oo
Cerg < 5 10g2 (1 +/() (P,,m(x) — 1)dx> . (18)

Proof: See the appendix. |

First Scenario:

o For the CNA relay configuration, the ergodic capacity
Cerg in Eq. (18), will be:
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og—lop—1 k n+m+2

Cerg§%10g2< 2L Y YL atkm)

n=0 k=0 m=0 ¢=0

n+m+1 n+m-+ 2 b 4
a
q a

aﬁlﬁzr(}’l + Z)T(m +1)
2b(— 1 )(xl+k7q+l

d% +k—g+1 bp
X dpoc1+k7q+1

b(p— /P~ 1)

2a

b(p+1/P*~ 5f;)

2a

} ) (19)
P=g-+4

X W7 n+m+2 n—m+1
2 2

X W7 ntm+2 n—m+1
2 ’ 2

e For the CA relay configuration, the ergodic capacity
Cerg in Eq. (18), will be given by:

o—lop—1 k

Cerg ;]ng < _9 Z Z Z Cl n, k m n+m+1

n=0 k=0 m=

8 Val(oy+k+n—m+2)I(oy+k—n+m)
(o +k+3/2)

n— m+l
8 ( 16a )
Bi B>

ZFI((X] +k+n—m+2;n—m+3/2;01+k+3/2; s))

5 oy +k+n—m+2
(VE))

(20)

wwees= ((F VBV /(B )

e For the blind relay configuration, the ergodic capacity
Cerg in Eq. (18), will be given by:

aj—1lop—1

1
Cerg < = log, (1 -2Y Y ok
2 n=0 k=0

" C(ay +1)(0y +k—n) (L)

b
2,55 Bi

_b_
X ezﬁZW n+m+2 n— m+l ( ) . (2])
B2

n—k—2k
2

Proof: See the appendix. |
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Second Scenario:

e For the CNA relay configuration, the ergodic capacity
Cerg in Eq. (18) will be:

1 astnd? 1 2
Corg < 5logy [ 1-2 ) Y ¢1(0,0,0)a"T <”+ )
n=0 ¢g=0 q
< (P I Vapipl(n+2)r(1) duat! b
a Zb(fl)o‘lﬂ‘*q*l dpoclfq+1 ¢
b(p— /P>~ 5%)
XW7n+2 n+l
22 2a
2_ 4a
b(p+/P* = 5%)
XWin_Jrz ntl .
202 20 1 a
\P:E+@

(22)

e For the CA relay configuration, the ergodic capacity
Cerg in Eq. (18) may be derived from:

a;—1
n+l

1
Cerg < Elogz (1 -2 Z c3(n)a 2
n=0

n+1

" Val(ay +n+2)T(oy —n) ( 16a ) 7
[0y +3/2) B

2Fi (o 4+n+2n+3/2500+3/2;5)
x el RS
(Ev)

e For the blind relay configuration, the ergodic capacity
Cerg in Eq. (18) take the form:

a;—1
n+l

1
Corg < 5 log (1 -2 Y c(n)b 2
n=0

n—=20y

« F(al + 1)F((1| 711) < 1

Z b
X e " Wn—Za] nrl |- 24)
72 P

Proof: See the appendix. |

Third Scenario:

o For the CNA relay configuration, the ergodic capacity
Cerg in Eq. (18) is:
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o—lop—1m+2

] m
Cog<=logy [1-2Y Y Y c1(0,k,m)a™s
2 n=0 k=0 ¢q=0

) e

a
dk7q+2 %p

b(p— /P>~ 75)

x W*#v—w?l 2a
2 _ 4a_
b(p+ V Ylﬂz)
X W7M —m+1
2 2 2a

} ) @5
=5+

e For the CA relay configuration, the ergodic capacity
Cerg in Eq. (18), will be given by:

o —1op—1
| 2 m+1

1
Cog < slogy | 1-2 ) Y culk,m)a™>
2 n=0 k=0

1—m

Val(k—m+3)C(k+m+1) ( 16a) 2
[(k+5/2) np2

Fi(k— 3;— 3/2;k+5/2;5
le( m+3;—m+3/2:k+5/ s)>. 6)

(EVD)

e For the blind relay configuration, the ergodic capacity
Cerg in Eq. (18) may be derived by:

1 ol C(2)C(k+1
Cerg < 5 10g2 <1 -2 Cs (k)L}j)
k=0 B
N b
_ 2B, ) L —
G) )
Proof: See the appendix. |

Fourth Scenario:

o For the CNA relay configuration, the ergodic capacity
Cerg in Eq. (18), will be given by:
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1 2
Corg < 5 logy | 12 Y ¢1(0,0,0)a

BIf—

N

RS
~__
7N

IS
~_
=

q=0
_VAErr()
2b(— 1)1
Ll b(p—\/P*— %)
2a
dp?-1 -1 2a
b(p+1/P*—55%)
xW_ 1 ne (28)
2 2a
=5+

e For the CA relay configuration, the ergodic capacity
Cerg in Eq. (18), will be:

o JAT(3)0(1) (1_&1)5
nr IG/2) \nr

2F1(3;3/2;5/2;3)
3

(Va+yE)

64 a oF (3:3/2:5/2;3)

R 1 2 6
(V5 +)

e For the blind relay configuration, the ergodic capacity
Cerg in Eq. (18) is:

1
Cerg < EIOgQ 1-2

1
= > log, (29)

1 b b
Cerg < Elogz <1’)/1627’2W],; %) . (30
Proof: See the appendix. |

4. Numerical Results

In this section, we carry out some Monte Carlo simula-
tions to verify the theoretical considerations. The four dif-
ferent scenarios, as mentioned previously, are used. For
a Nakagami-m faded link, @y = =2, and B; = =1,
while for a Rayleigh faded link, ¥ = 1 was taken. We con-
sider also the three standard relay configurations: CNA,
CA and blind relaying.

First, in Fig. 2, we show the outage probability, Ppy (A1),
as a function of the average SNR for two different thresh-
olds A, =22 —1=3 (i.e. 2 bits/channel used) and A,;, =
2% —1 =31 (i.e. 5 bits/channel used)). From this figure, we
can clearly see that the analytical expressions (represented
by lines) match the results of Monte Carlo simulations (rep-
resented by symbols). For all four scenarios, CNA and CA
relaying is characterized by almost the same outage prob-
ability which is higher than that of blind relaying, except
for the second scenario where all three relay configurations
perform almost exactly in the same manner.
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Fig. 2. Outage probability Py (4;,) for AF relaying; simulated
and analytical results for CNA, CA, and blind relay configura-
tions.
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Figure 3 shows the ergodic capacity C,, of AF relaying as
a function of the average SNR. As shown, blind relaying,
which suffered a lower outage probability, exhibits a higher
ergodic capacity compared to CNA and CA relaying types.
As a general comment, for both the outage probability and
the ergodic capacity, the curves of CNA and CA relaying
agree firmly. This approves the use of the former to ap-
proximate the latter in many applications.

5. Conclusion

In this paper, we derived novel closed-form expressions
for the outage probability and tight upper bounds for the
ergodic capacity of a single-branch two-hop relaying net-
work under four different fading scenarios, with three stan-
dard relay configurations considered for each scenario.
Monte Carlo simulations have been carried out to verify
the accuracy of the analytical results.

Appendix

Proof of Results Shown in Section 3

Here, we provide the proof of results shown in Section 3.
As stated in Section 2, the channel magnitude {|4;|} of the
i-th hop is modeled either as a Rayleigh or a Nakagami-m
distributed RV, so the instantaneous SNR, A;, is to be mod-
eled either as an exponential or a gamma distributed RV.
Their CCDFs and PDFs are given for i € {1,2} by:

P =L H, x>0
(31
Ffix”(x) —e 4, x>0
Gamma _ M
IR0 = g ¥20
(32)

» OC,'*I 7ﬁii k
Fgamma(x)zzkzo ek! (ﬁ) , x>0

1. Proof of the outage probability results (Subsection 3.1)

Let Pr{A} denote the probability of event A. The outage
probability P, (x) can be derived as:

Poa(r)=prd{ — 2122 _
our\X) = allelszb_x

— /xPr{M > M} (M)A
0 k[ —X
o0 AL+b

—i—/x Pr{lz < _(a)L:-l—x)x} Sa, (A)dAy

“ = AM+b
:17/x FM <(ali%xﬂ>'flu(’ll)dll- (33)

Simplifying with z = A; — x, leads to Eq. (4).
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First Scenario:
CNA case: substituting from Eq. (32) in Eq. (33) gives:

-l e(%Jrﬁ)

= k!B5T(ou) By

el 1 ax k
— 17 Otlfl -
./0 (242) <z+ax2+bx>

_ ( (ax2 +bx)/By
Xe

Pou(x) = (a)c2 + bx)k

+ﬁ>dz. (34)

The use of lemma 4 from [26] yields Eq. (5) after some
simplifications.

CA case: Eq. (6) can be directly deduced from Eq. (5) by
setting b = 0.

Blind case: By setting a = 0 Eq. (34) reduces to:

k
_ehe ()
Tlon)B" & K

x /o+m <§>k (1 +§)a17167(ﬁ+ﬁ)dz . (39

The binomial expansion of the second term in the integral
and the use of [28, 3.471.9] yields Eq. (7).

Pous ()C) =

Second Scenario:

CNA case: substituting from Eq. (31) and Eq. (32) in
Eq. (4) gives:

PN G
w(X) =1 — ———pf
[ t( ) F(a]) 1(1]
o 7(<ax2+f;x>/vz+;)
x/ (2409 e TR )4z, 36)
0
The binomial expansion of the term (z+x)* ' and the use

of [28, 3.471.9] yields Eq. (8) after some simplifications.
CA and blind cases: Eqs. (9) and (10) can be directly de-
duced from Eq. (8) by setting b = 0 and a = 0, respectively.

Third Scenario:

CNA case: substituting from Egs. (31) and (32) in Eq. (4)
gives:

)x
——(ax® +bx)*

1
-1 e*(yf

Bl
= kBin
K 7((ux2+fX)/Bz+%>
) e dz. (37)

X/*"" ax .
0 ax’+bx 2

k
The binomial expansion of the term ( 4 —) and the
ax*+bx

use of [28, 3.471.9] yields Eq. (11) after some simplifica-
tions.

Pout(x) = 1 —
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CA case: Eq. (12) can be directly deduced from Eq. (11)
by setting b = 0.
Blind case: by setting a =0, Eq. (37) reduces to:

O!z]eyl

Pou(x) =1 - Z “ k!Bsm wpty

ot k X/P2 |z
></+ (1) ef(béﬁ +W>dz. (38)
0 z

The use of [28, 3.471.9] to evaluate the integral in Eq. (38),
yields Eq. (13).

Fourth Scenario:

CNA case: substituting from Eq. (31) in Eq. (4) gives:

Pu)=1- [en (avresgie) 1
Jo h

The use of [28, 3.324.1] yields Eq. (14) after some simpli-

fications.

CA and blind cases: Eqs. (15) and (16) can be directly

deduced from Eq. (14) by setting b =0 and a = 0, respec-

tively.

T4, (39

eYl

2. Proof of ergodic capacity results (Subsection 3.2)

Let E{A} denote the expected value of event A. The er-
godic capacity C,, can be expressed as in Eq. (17).

We note that the function log,(1+ A) in Eq. (17), is twice-
differentiable and its second derivative is:

1

“mearar (40)

Jensen’s inequality could be then applied to get:

1
Corg < 508, (1+E{A}). 1)

We know that the expected value E{A} of an event A is
linked to its moment-generating function by:

d
E{A} = EMA(S)B:O . (42)

Substituting Eq. (6) from [25] in Eq. (42) and substituting
the result in Eq. (41) yields Eq. (18).

First Scenario:
CNA case: substituting from Eq. (5) in Eq. (18) gives:

o—lop—1 k

Cerg < <122 Z chnkm

too ' b n+m+l
x/ ef(m+5)x (a-i——)
0 X
b
x| [HEEE )dx>. (43)
B1B2
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From the integral in Eq. (43), we separate factor (a+
(b/x))"+™*2 and we perform a binomial expansion on it.
Then we re-arrange the result into a Laplace transformation
that can be evaluated and simplified using the identities
shown in [29, 4.1.6] and [29, 4.17.20] to yield Eq. (19).
CA case: substituting from Eq. (6) in Eq. (18) gives:

ai—lop—1 &k

1
Cerg < Elog (12; Z Z Cl(nakam)

=0 k=0 m=0

Foo (1 L) 1
x/ e (ﬁl+ﬁ2 gt yoatk
0

% Kyms1 2 /ﬁxdx). (44)

Evaluating the integral in Eq. (44) using [28, 6.621.3] yields
Eq. (20).

Blind case: substituting from Eq. (7) in Eq. (18) and ap-
plying [28, 6.621.3] yields Eq. (21).

NB. The results in three other scenarios may be proven
by following exactly the same steps as shown for the first
scenario.
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