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Abstract—In this paper, a wireless three-hop relay communi-

cation system operating in a Rayleigh multipath fading envi-

ronment is analyzed. The output signal from such a system

is a product of signal envelopes from all sections, meaning

that it is actually a product of three random variables (RVs)

with Rayleigh distribution. We considered here the first-order

characteristics: probability density function (PDF), cumula-

tive distribution function and outage probability (OP). Then,

the moments and amount of fading (AoF) were derived in the

closed forms. The second order characteristics we present

include the following: level crossing rate (LCR) and average

fade duration (AFD). A few graphs are given to show the im-

pact of the specific parameters of the wireless three-hop relay

system.

Keywords—first order performance, Rayleigh fading, second or-

der performance, three-hop relay telecommunication systems.

1. Introduction

The output signal of a wireless relay system is a product

of signal envelopes from each section. Due to this fact,

the performance of products of a higher number of random

variables (RVs) has become an important topic over the

past decade. RV products are applied in wireless channel

modeling, multi-hop relay systems, multiple input multiple

output (MIMO) keyhole systems, cascaded channels with

fading, but also in other natural sciences, such as biology

and physics (especially quantum physics), and also in social

sciences, namely econometrics [1]–[3].

The first studies in this field were carried out in the previous

century [4]. Donahue et al. were the first to study distribu-

tions of the products of two RVs [5]–[8]. In the new mil-

lennium, research in that field commenced again [9]–[12],

and newer papers greatly impact practical applications in

wireless relay communication systems [13]–[16].

Previously published papers focused primarily on products

of two RVs. By using the level crossing rate (LCR) of

a product of two Nakagami-m RVs from [3], the aver-

age fade duration (AFD) of a wireless relay system which

works in a Nakagami-m fading channel is obtained. Further,

probability density function (PDF) of the product of

Rayleigh, exponentially, Nakagami-m and gamma RVs is

calculated based on the Mellin transform in [17]. The au-

thors in [18] present double fading channels with a line-

of-sight (LOS) channel (double Rician fading), typical of

keyhole MIMO models.

An analysis of the features of the product of two indepen-

dent κ-µ distributed RVs is given in [19]. The analyti-

cal formulas for PDF and cumulative distribution function

(CDF) are derived. In [20], new formulas for PDF, CDF,

and moment generating function (MGF) are given, based

on their expressions for higher order moments, amount of

fading (AoF) and the channel quality estimation index in

closed-forms. The formulas for outage probability (OP),

average channel capacity (aCC), average symbol error prob-

ability (aSEP) and average bit error probability (aBEP) are

derived as well. Some properties of the product of in-

dependent RVs with a general α-µ distribution, such as:

PDF, CDF, moments, OP and AoF, are presented in [13] in

closed-form expressions. This type of fading impacts also

the dual-hop wireless communication system with a non-

regenerative relay that is considered in [21]. The authors

derived closed-form expressions for MGF, CDF, and PDF

of the harmonic mean of the end-to-end signal-to-noise ra-

tio (SNR), using the α-µ fading model. They also deter-

mined closed-form expressions for the end-to-end capacity

and outage capacity of that system.

Dual-hop communication systems are known as tools en-

abling to extend coverage and reduce transmit power in sce-

narios where one-hop communication is not possible. An

example of a dual-hop communication system is presented

in Fig. 1 and in many papers such as [21]–[23]. PDF, CDF

and MGF of the total received SNR of a dual-hop amplify-

and-forward relay (AFR) transmission over non-identical

Rician fading channels are obtained in the form of rapidly
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converging infinite sums in [23]. Then, OP and aBER are

calculated.

Fig. 1. Example of a dual-hop wireless communication sys-

tem [22].

One group of authors has observed in [24] such a scenario

for general α-η-µ fading distribution, performed an analy-

sis of SNR for dual-hop amplify-and-forward (AF) cooper-

ative communication systems, and derived ergodic capacity.

The first-order outage statistics (CDF, OP and aBER) of an

asymmetrical radio-frequency (RF) optical wireless (OW)

dual-hop AFR communication system have been processed

in [25]. Their system is modeled as a product of inde-

pendent Nakagami-m and double squared Nakagami-m (or

gamma-gamma) random processes. A similar scenario was

also analyzed in [26].

By dint of spatial diversity and dual-hop relaying widely

adopted in cooperative wireless systems, communication

coverage may be effectively extended and the potentially

severe channel fading may be mitigated [27]. The AF relay-

ing protocol has been applied, since it generates an effective

tradeoff between low implementation costs and a sufficient

performance level. So, satellite communication represents

a direct application of dual-hop AF relaying configurations.

New calculations for measuring important performance pa-

rameters of a satellite relay have been performed in the

presence of shadowed Rician fading for OP, ASEP and er-

godic capacity of the end-to-end SNR.

One of the newest papers focusing on this area is [28]. Its

authors analyzed the performance of a dual-hop cooperative

decode-and-forward (DF) relaying system with beamform-

ing relying on different adaptive transmission techniques

over κ-µ shadowed fading channels.

Although three-hop relay systems have been discussed be-

fore [29]–[31], our group of authors is still among the

first dealing with this telecommunication system config-

uration. So, we started observing the products of three

RVs with different distributions and deriving system per-

formance in closed forms [32]–[36]. The product of three

RVs in relay telecommunication channels when multipath

fading is present, is given in [32]. The LCR of the product

of Nakagami-m RV, Rician RV and Rayleigh RV is obtained

in a closed form in [33]. The product of three Nakagami-

m RVs is analyzed in [34] and [35], and the statistics of

the second order of the product of three Rician random

variables is analyzed in [36].

Before our investigations were conducted, a survey on

packet retrieval for a three-hop routing protocol in a hybrid

wireless network was presented in [29]. On the other hand,

paper [30] presents a distributed three-hop routing protocol

(DTR) for hybrid wireless networks, combining the advan-

tages of mobile ad-hoc networks and infrastructure wireless

networks, and achieving ultra-high performance.

Fixed cellular relays used in modern wireless communica-

tion systems are powerful technique allowing to improve re-

liability and to increase coverage under shadowing propaga-

tion conditions and limited transmit power conditions [31].

There, the lower and upper bounds of the sum capacity of

different relaying strategies are analyzed. Figure 2 presents

an example of a spectral efficiency sharing model deployed

in two adjacent base stations, as described in this article

[Fig. 1, 31]. In Fig. 3, a three-hop relay with two channels

is shown [37].

Fig. 2. Example of a dual-hop communication system [31].

Fig. 3. A three-hop relay with two channels [37].

In a mobile ad-hoc network, data is routed to its destination

through the intermediate nodes in a multi-hop manner. One

of multi-hop system models, using antenna selection per

hop, is plotted in Fig. 4 [38].

In the aforementioned work, OP of multi-hop MIMO re-

laying with a transmit antenna selection and an ideal relay

gain over the Rayleigh fading environment is observed.

Further, in [39]–[41], multiple RVs with different distribu-

tions are studied. So, PDF of the product of n-Rayleigh

distribution is obtained in [39]. Distribution is derived by

dint of inverse Mellin transform, and is presented using

the Meijer G-function. An analysis of the second order

statistics of the AF multi-hop Rayleigh fading environment

is presented in [40]. The output signal from this cascaded

channel is a product of N Rayleigh fading signal envelopes,

written as N*Rayleigh RV. The formulas for LCR and AFD

are derived for such an RV. Then, PDF, CDF, and mo-
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Fig. 4. A multi-hop system using antenna selection per hop [38].

ments of the N*Nakagami distribution are worked out in

closed forms across the Meijer’s G-function in [41]. The

expressions are derived for OP, AoF, and aBEP, for a few

modulation formats.

Unlike previously published works, we derived some

second-order performance parameters in their closed forms,

because time variations of the fading environments are char-

acterized by second order statistics. This applies, in par-

ticular, to LCR and AFD of wireless links. These two im-

portant statistics are used for Markov modeling of wireless

channels [42] and for designing diversity combiners which

will be used in wireless communication systems to miti-

gate the impact of fading. Consequently, they are important

topics of many available articles.

This paper is concerned primarily with a three-hop wireless

relay system functioning in the presence of Rayleigh fad-

ing. The multi-hop relay system’s output signal is in fact

a product of output signals from all sections (hops) [43].

For such a system, we obtained in [44]: probability density

function, cumulative distribution function, outage proba-

bility, and the following second order system performance:

level crossing rate and average fade duration. To complete

the set of first order system performance, moments and

amount of fading will be calculated in closed forms in this

article.

This paper consists of four sections. In introduction, the

topic is presented and the literature is analyzed. In Sec-

tion 2, first order system characteristics of the product of

three RVs are analyzed. Second order characteristics for

triple Rayleigh RV are given in Section 3. All perfor-

mance parameters are validated by graphical expressions.

Section 4 presents the conclusion and proposals concerning

future work.

2. First Order Characteristics of the

Product of Three Rayleigh Random

Variables

The multipath transmission in wireless systems is shown

in Fig. 5 [45]. The path from the transmitter to the re-

ceiver consists of more distinct paths. In this figure, three

such paths between the transmitter and the receiver are pre-

sented. In this scenario, the line-of-sight path does not ex-

ist. Only multiple indirect paths are available, and this is

a Rayleigh channel.

Fig. 5. Multipath transmission in wireless systems without a di-

rect path between the transmitter and the receiver [45].

The signal envelopes represent random variables xi,

i = 1, 2, 3 which are Rayleigh distributed [46]:

pxi(xi) =
2xi

Ωi
e−

x2
i

Ωi , xi ≥ 0 , (1)

where Ωi = E{x2
i (t)} , 1 ≤ i ≤ 3, are the mean powers of

the i-th RV [Eq. (1), 40].

We assume that random variable x is a product of three

Rayleigh RVs [Eq. (2), 44]:

x =
3

∏
i=1

xi . (2)

Based on Eq. (2), it is valid that: x1 = x
(x2x3) .

2.1. PDF of the Product of Three Rayleigh RVs

The probability density function of the product of three

Rayleigh RVs x is given by [Eq. (5), 44]:

px(x) =
∞
∫

0

∞
∫

0

1
x2x3

x
x2x3

x2

Ω2

x3

Ω3

1
Ω1

e−
1

Ω1
( x

x2x3
)2− x2

2
Ω2

− x2
3

Ω3 dx2dx3 =

=
8

Ω1Ω2Ω3
x

∞
∫

0

x−1
2 K0

(

2

√

1
Ω1Ω3

x2

x2
2

)

dx2 , (3)
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where Kn(x) is the modified Bessel function of the second

kind [Eq. (1.1), 47].

In Fig. 6 [Fig. 1, 44], some curves are presented showing

PDF of the product of three Rayleigh RVs depending on

that product for more values of the signal’s average power

Ωi at all sections. One may notice that PDF increases at

low x values for all of Rayleigh signal powers values, then

reaches its maximum and decreases at higher signal enve-

lope values.

Fig. 6. PDF of the product of three Rayleigh RVs for different

signal powers values.

We can notice from this figure that small amplitudes affect

the PDF curves more distinctly.

2.2. CDF of the Product of Three Rayleigh RVs

The cumulative distribution function of x (product of three

Rayleigh RVs) was derived in [Eq. (6), 44] as:

Fx(x) =

x
∫

0

px(t)dt =
8

Ω1Ω2Ω3
x2

∞

∑
j1=0

1
2( j1)

x2 j1

Ω j1
1

×
∫ ∞

0
dx2x−1

2 e−
1

Ω2
x2

2

(

Ω3

Ω1
x2
)− j1

K−2 j1

(

2

√

x2

Ω1Ω3x2
2

)

. (4)

2.3. OP of the Product of Three Rayleigh RVs

Outage probability is defined as the probability of the in-

formation rate (signal envelope, SNR or signal-to-inter-

ference ratio (SINR)) being lower than the information rate

threshold value.

It is the probability of an outage occurring within a speci-

fied time period and determined by the following formula

[Eq. (2.23), 47]:

OP = P(X ≤ x) =

x
∫

0

px(t)dt = Fx(x) . (5)

Fig. 7. OP of the product of three Rayleigh random variables for

different average signal envelope powers Ωi.

It is mathematically the CDF from Eq. (4).

OP is presented in Fig. 7 [Fig. 2, 44] for a few values of

the average signal envelopes’ powers from each of the

sections. It was concluded that OP grows along with an

increase in signal envelope x and achieves its maximum

value. Likewise, it is evident that OP drops with the in-

crease in Ωi.

2.4. Moments of the Product of Three Rayleigh RVs

Moment is a quantitative measure that describes the shape

of a function in mathematics. It is used both in mechan-

ics and statistics. If the function concerned is a probabil-

ity distribution function, then moments have the following

meanings:

• zero-th moment is the total probability,

• first moment is the mean of the signal, i.e. the ex-

pected value,

• second moment is the variance or the signal’s average

power,

• third moment is the skewness,

• fourth moment is the kurtosis.

For the product of three Rayleigh RVs, the first moment m1,

or the mean of the signal, is defined by:

m1 = x̄ =

∞
∫

0

xpx(x)dx =

=

∞
∫

0

x2 8
Ω1Ω2Ω3

∞
∫

0

x−1
2 K0

(

2

√

1
Ω1Ω3

x2

x2
2

)

dx2 dx . (6)
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The n-th moment of an independent Rayleigh distributed

RV is given by Eq. (3) in [39]:

E[xn
i ] = Ωn

i

[

Γ
(n

2
+1
)]

.

If we use Eq. (8) derived in [48], and enter Nakagami-m

parameters as m1 = m2 = m3 = 1, the first moment of the

product of three Rayleigh RVs may be expressed as:

m1 =
√

Ω1Ω2Ω3
[

Γ(3/2)
]3

. (7)

The second moment, m2, is:

m2 = x2 =

∞
∫

0

x2 px(x)dx =

=
8

Ω1Ω2Ω3

∞
∫

0

x3
∞
∫

0

x−1
2 K0

(

2

√

1
Ω1Ω3

x2

x2
2

)

dx2 dx =

= (Ω1Ω2Ω3)
[

Γ(2)
]3

. (8)

The second moment is the variance. The standard deviation

is a square root of the variance. In telecommunications, this

is the average power of the signal.

The normalized third central moment is the skewness.

In the probability theory and statistics, skewness is the size

of the limitedness of distribution. It is a measure of sym-

metry or, more precisely, of a lack of symmetry. Distribu-

tion of a data set is symmetrical if it looks the same on the

left- and right-hand side of the center value. In this case,

the third moment is equal to zero. Also, skewness may

assume positive or negative values, or even may be un-

defined.

A distribution that is skewed to the left, i.e. the tail of the

distribution is longer on the left-hand side of the curve, has

negative skewness and vice versa, a distribution skewed to

the right has positive skewness. So, the third moment, m3,

or the skewness, is:

m3 = x3 =

∞
∫

0

x3 px(x)dx =

=
8

Ω1Ω2Ω3

∞
∫

0

x4
∞
∫

0

x−1
2 K0

(

2

√

1
Ω1Ω3

x2

x2
2

)

dx2 dx . (9)

As for previous moments, the final formula is obtained in

a similar manner, from [Eq. (10), 48]:

m3 = (Ω1Ω2Ω3)
3/2[Γ(5/2)

]3
. (10)

In Fig. 8, the moments of the product of three Rayleigh

RVs are shown. One may see from this figure that all mo-

ments decrease with increasing Ω, in line with theoretical

expectations.

The fourth moment, m4, the kurtosis, is a measure of

whether the data are sharper or flatter distributed relative

to normal distribution. This means that a kurtosis dataset

Fig. 8. Moments of the product of three Rayleigh RVs depending

on signal power Ω = Ω1 = Ω2 = Ω3.

has a large, significant peak near the mean value, suddenly

decreasing and having long tails.

A dataset with a low kurtosis has a flat tip near the middle.

Uniform distribution is an extreme case and standard nor-

mal distribution has a kurtosis equal to zero. In this case,

positive kurtosis indicates distribution with a peak, and neg-

ative kurtosis indicates that distribution is more even.

Finally, the moment of n-th order, mn is:

mn = xn =

∞
∫

0

xn px(x)dx =

=
8

Ω1Ω2Ω3

∞
∫

0

xx+1
∞
∫

0

x−1
2 K0

(

2

√

1
Ω1Ω3

x2

x2
2

)

dx2 dx =

= (Ω1Ω2Ω3)
n/2[Γ(1+n/2)

]3
. (11)

2.5. AoF of the Product of Three Rayleigh RVs

The severity of fading is defined by a measure known as

the amount of fading [49]. This measure is used to de-

scribe different models which define the fading condition

in radio channels. Here, we present comprehensive insights

illustrating how faded a given channel is, based on fading

severity in radio channels. This parameter does not depend

on the mean power. It depends on the current signal value,

SNR or SINR.

The amount of fading, connected with PDF of fading, is de-

fined by the ratio of the variance of the received energy and

the square of the mean of the received energy [Eq. (2), 49],

[Eq. (2.5), 50]:

AoF =
var(x2)

(E[x2])2 ,

with var(.) denoting variance and E[.] denoting the statis-

tical average value or the mathematical expectation.
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In [49, p. 29; 6], Charash gave this formula for AoF as

a unified measure of the severity of the fading. AoF is

usually independent of the average fading power.

Amount of fading is obtained by developing the formula

below; so, it is specified by [Eq. (9), 51]:

AoF =
var(x2)

(E[x2])2 =
E[(x2 −Ω)2]

Ω2 =

=
E[x2]− (E[x])2

(E[x])2 =
E[x2]

(E[x])2 −1 .

AoF may be expressed directly from the moments as:

AoF =
m2

m2
1
−1 . (12)

In Fig. 9, the amount of fading of the product of three

Rayleigh RVs, i.e. of a three-hop Rayleigh channel, is

presented versus average power envelopes Ω. It is worth

noting that AoF is independent of Ω, which is in compli-

ance with the theoretical assumptions that AoF typically

does not depend on average power. As stated earlier, AoF

provides a quantitative measure of fading that exists in wire-

less channels. Since the definition of AoF depends on two

moments only (squared first and second moments of the

power), it is possible to obtain the same value of AoF with

more different PDFs.

Fig. 9. Amount of fading of the product of three Rayleigh RVs

versus signal power Ω.

In other words, quantification of fading that is defined in

Eq. (12) does not fully quantify the measured statistics of

the fading channel, or PDF of the received power [51].

The reasons for the signal power going below a predefined

threshold are: data rate, coding, modulation, demodulation.

Because of that, outage probabilities are used as well for

quantification of the performance of the fading channels,

as presented in Subsection 2.3 for this scenario.

3. Second Order Characteristics of the

Product of Three Rayleigh Random

Variables

3.1. LCR of the Product of Three Rayleigh RVs

LCR of X at threshold x is defined as the rate at which

the random process crosses a given level x in the nega-

tive (or positive) direction [52]. To derive the LCR, we

need to determine the joint probability density function

(JPDF) between x and ẋ, pxẋxẋ, and apply the Rice’s for-

mula [Eq. (2.106), 53]. So, LCR of the product x of three

Rayleigh RVs is:

NX (x) =

∫ ∞

0
ẋpxẋ(xẋ)dẋ . (13)

After adequate replacements, LCR of x is [Eq. (15), 44]:

NX =
1√
2π

π fm Ω
1
2
1 x

8
Ω1Ω2Ω3

×

∞
∫

0

∞
∫

0

e
− 1

Ω1
x2

x2
2x2

3
− 1

Ω2
x2

2− 1
Ω3

x2
3

√

1+
x2

x4
2x2

3

Ω2

Ω1
+

x2

x2
2x4

3

Ω3

Ω1
dx2 dx3 .

(14)

It is solved in [44] by using Laplace approximation

theorem [54] and presented here in Fig. 10 [Fig. 3, 44].

In this figure, LCR, normalized by fm, is shown versus

the signal envelopes for different signal powers Ωi. It is

visible that LCR is increasing for small values of the sig-

nal envelope, reaches the maximum and then decreases for

higher x values. Small signal envelopes have a greater im-

pact on LCR. LCR is higher for bigger Ωi. The system has

better performance for lower LCR values.

Fig. 10. LCR normalized by fm versus signal envelope x for

different values of signal power Ωi
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3.2. AFD of the Product of Three Rayleigh RVs

AFD of RV at threshold x defined as the average time over

which the product of three Rayleigh RVs remains below

x after passing the defined level in the downward (or up-

ward) direction. It is the ratio of the OP and the LCR given

by [55]:

Tx(x) =
Fx(x)
Nx(x)

, (15)

with Fx(x) from Eq. (4) denoting the CDF of x evaluated

at X . The LCR Nx(x) is given in Eq. (14).

Fig. 11. AFD normalized by fm depending on the signal envelope

for some values of signal powers Ωi.

In Fig. 11, [Fig. 4, 44], normalized AFD (Tx fm) is shown

depending on signal envelope x. It is visible that AFD is

increasing for all signal envelopes and also that AFD has

smaller values for bigger power values.

4. Conclusion

Owing to transmit power limitations, multi-hop communi-

cation in relay systems offers a very contemporary approach

to improving transmission in cellular and ad-hoc networks.

The advantages of multi-hop relaying are particularly pro-

nounced for rural areas with small populations and low

traffic densities [56].

In this article, we presented formulas for calculating PDF

and CDF, and derived exact and simple closed-form for-

mulas for moments of the product of three Rayleigh RVs.

Based on these formulas, the outage probability and amount

of fading for cascaded fading channels were worked out.

LCR and AFD values for the same scenario, as ob-

tained in [30], are also shown to complement the perfor-

mance of a system of cascaded three-hop Rayleigh fading

channels.

Our future work will be related to determining the per-

formance for the product of multiple RVs with other gen-

eral fading distributions κ-µ , η-µ , α-µ , α-η-µ ...) used in

multi-hop wireless relay communication systems.
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