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Abstract—Telecommunications transmission technologies
with OFDM rely on orthogonal harmonic signal (OHS)
systems. The criteria applicable to synthesizing OHS systems
of the generalized class, including both classical signals and
signals whose duration exceeds the orthogonality interval,
have been considered. The problems of minimizing the
effective width of the spectrum of the generalized class
OHS have been solved. Estimates of the efficiency of the
generalized class OHS have been given.
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1. Introduction

In recent years, thanks to the success of digital sig-
nal processing, orthogonal frequency division multiplex-
ing (OFDM) transmission technologies have become in-
creasingly popular in telecommunications and have been
relied upon to transmit broadband orthogonal harmonic sig-
nal (OHS) systems [1]-[3]. Today, digital subscriber line
(xDSL) transmission technologies are, in accordance with
recommendations of the International Telecommunication
Union (ITU-T) G.992 and G.993, the most common so-
lutions used to offer broadband access via well-developed
subscriber networks [4], [S]. In 2014, ITU adopted Recom-
mendation G.9701 defining the characteristics of the G.fast
transmission technology. It relies on the OHS and pro-
vides signals through a multi-pair telephone cable, with
the speed of up to 1 Gbit/s and in the frequency band of
up to 106 MHz [6].

Various OHS systems are used in modern radio access
systems, including Wi-Fi (IEEE 802.11), WiMAX (IEEE
802.16), and LTE. They are also relied upon in high-quality
digital radio and television broadcasting systems [7]-[10].
The transmission of signals through optical cables is a new
area of telecommunications, where OFDM technologies
have begun to be used intensively. OHS allows to in-
crease the efficiency of optical transmission technolo-
gies relying on dense wavelength division multiplexing
(DWDM) [11]-[14].

2. Problem Statement

The widespread use of transmission systems (TSs) with
OHS in communication networks results from the fact that
these technologies ensure high efficiency of transmitting
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information via communication channels with abnormal
and unstable frequencies, as well as with noise character-
istics over time.

OHS systems are described by real trigonometric functions
which are orthogonal by interval 7j:
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where N is the total number of orthogonal functions in the
0 — wp frequency band, wp = N - @y is the upper frequency
of the transmission channel bandwidth, @y is the frequency
of the first OHS system harmonic, Ty is the orthogonality
interval.
Examples of orthogonal harmonic signals from Eq. (1) for
1 =4,5,6,22 are given in Fig. 1.
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Fig. 1. Orthogonal harmonic signal graphs.

Functions from Eq. (1) are related by the Euler relation:
el!®" — cos (lagt) +isin (lat) | )
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with exponential time functions:
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Signal spectra of Eq. (1) have a sufficiently high concen-
tration of energy in the frequency domain (see Fig. 2) and
there are effective algorithms for digital processing of OHS
systems using Fourier transformation algorithms and pro-
viding an acceptable computational complexity of signal
modulation-demodulation algorithms in TS with a signifi-
cant number of signals.

The transformation (spectrum) of Fourier functions given
by Eq. (3) is described by the following formula:
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Examples of envelope spectrum graphs defined by Eq. (4)
for [ =4,5,6,22 are shown in Fig. 2.
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Fig. 2. Example of OHS envelope spectra.

The signal spectra are theoretically infinite and de-
creases in frequency at a rate proportional to 1/@. When
OHS signals pass through a communication channel with
a limited bandwidth, their spectra are truncated. As a re-
sult, the orthogonality of the received signals is dam-
aged, and, therefore inter-symbol and inter-channel in-
terference noises are generated. Based on Eq. (1), it is
possible to design systems of orthogonal signals with
a higher concentration of energy in the frequency do-
main than with classical OHS. These signals pass through
a communication channel with a distorting transmission
function. They are less distorted, offer lower interfer-
ence levels and are more immune to frequency char-
acteristics variations in the communication channel than
traditional OHS.

Let us formulate the following OHS synthesis task with en-
ergy concentration in the frequency domain that is higher
than in the classical OHS, in order to determine the condi-
tions when the system of functions is:
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with orthogonal by interval 7', such as:
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where +/u(t) is the function describing the envelope of

signals and T is the duration of functions.

Signals from Eq. (5) that satisfied Eq. (6) will be referred
to OHS of the generalized class.

Based on the Parseval-Plancherel equality and the filtering
property of the d-function, the condition in Eq. (6) can be
transformed as:

—lawp]dw

1, [=k,
:U[(k—l)wo]z{o 14k @)

where U () is the Fourier transformation (spectrum) of the
function (envelope) u(t), 2nd[w — (k—)ay] is the spec-
trum of exponential signal.

For the discrete frequency function defined by Eq. (7), the
Fourier transformation is:

U (kay) :/:u(t)e—ikwofdt: {1’ k=1 ®)

0, k#0
Let us convert the last expression using parameters 7'
and To:
2+}1T0

Z / lk(t)()tdt7 (9)
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and replace the variables T =t —n7p:

o= £ [ uo
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Under the sum sign is the product of the spectrum of the
function u(7) per exponent. It corresponds to the spectrum
of the function delayed by nt:

Z/ u(t —ntp)e *kNTdz
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A function spectrum containing a constant component only
corresponds to a function which is constant over time.
Therefore:

oo

Y u(t—nm) = const . (12)
n=—oo

Thus, the following statement has been proved. In order for
the signal system from Eq. (5) to be orthogonal, it is nec-
essary for the sum of the shifts of function u(t) (the square
of the envelope) by nty, n = £0,+1,£2,... be a constant
value (see Fig. 3, where dotted lines are the functions u(t)
shifted by o).
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Fig. 3. Graph illustrating criterion.

Note that the condition, defined by Eq. (6), of signal or-
thogonality from Eq. (5) also describes the rule for corre-
lation reception of OHS signals in the OFDM transmission
technology. In this case, it follows from Eq. (6) that the
resulting frequency characteristics when receiving signals
are determined not by the envelope function /u(t), but
by the function u(z) itself. On this basis, further atten-
tion will be paid to the synthesis and characteristics of the
functions u(t).

3. Method for Synthesizing OHS
Envelope of the Generalized Class

Here, the method for synthesizing signals u(¢), according
to the criterion shown in Eq. (12), is presented. Sig-
nal u(z) is considered to be the convolution of signal
p(t)=1,—79/2 <t < 1/2 of arectangular shape and sym-
metrical (second order symmetry) in the middle of signal
0(t),—1/2 <t < t/2, where T=T — 3. The resulting sig-
nal has edges that are symmetric to the boundaries of the
interval (—7p/2,79/2), and it meets condition (12).
Signal spectrum u(¢) is equal to the product of signal spec-
tra p(t) — P(®) and @(t) — ¢(®):

U(iw) = P(io) x ¢ (io) . (13)

The following optimization problem defines if u(r) signals
synthesized using the proposed method have the minimum
effective spectrum width. Obviously, with the same T and
Tp parameters, the spectral characteristics of u(t) signals
will be determined by the spectrum of the ¢(¢) signal.
Thus, the problem is to find ¢(z),—7/2 <t < 7/2 with
the minimum permissible effective spectrum width.
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The formulated rule is a classical optimization problem and
has a number of solutions depending on additional opti-
mization conditions [15].

One of the solutions consists in using the pulse described
by [15]:

2 T T T
=4/= N — . 14
o) =[Feon Tt F =< s

A graph of ¢(z) signal with the minimum effective spec-
trum is shown in Fig. 4.
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Fig. 4. Pulse of duration T with minimum effective spectrum
width.

Figure 5 illustrates the given synthesis method of function
u(t) in the form of convolution of signal p(t) =1,—1/2 <
t < 19/2, with signal @(¢),—7/2 <t < 1/2, described by
the function from Eq. (14).
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Fig. 5. Convolution of function ¢(z) with function p(¢) = 1.

Taking into account the corresponding normalization, the
optimal function u(t) is described by:

u(t) =
1, at t| < (1—o)2
cos? Z[2folt|+a—1], at (1-a) 2 <|r|<(1+a)2 ,
0, in all other cases

(15)
where a = (T — 79) /7o is a signal expansion coefficient.
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Fig. 6. Optimal u(¢) functions.
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of ¢ =0,0.0625,0.125,0.25,0.5 and 1 is given in Fig. 6.
Figure 7 shows the spectra module graphs U (w) of optimal
functions u(t).

To illustrate the positive energy concentration effect of the
spectra generalized class OHS, provided by the optimal
functions u(z), let us normalize the energy at frequency
® = 0 in decibels:

U*(0)

Ag (@) = 10log Vo)

(16)
Graphs Aq(®) depicting spectral energy concentration

calculated by Eq. (16) with signal expansion coefficient
values of o = 0,0.0625,0.125,0.25,0.5 and 1 are shown

=0
\/ in Fig. 8. Figure 9 shows examples of orthogonal sig-
08\ as1 nals s1(r) = u(t)sin(wpt) and s() = u(t) sin(2aor) of the
5 06 generalized class OHS system with functions u(f) being
S 04 optimal if values of the signal expansion coefficient are
’ o =0,0.25,0.5 and 1.
0.2
o} .
s , 4. Extension of the Class of Orthogonal
, Signals
Fig. 7. Spectra module graph U (o).
The above-described method used for synthesizing gener-
100 alized class OHS types may be used for synthesis of other
%0 OHS systems as well.
) It is easy to verify the hypothesis that the temporary func-
% 60 a=1 C tion u; (1), — Ty <t < Tp shown as an example in Fig. 10a,
= 40 B consisting of intervals:
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Equation (15) describes a function with cosine quadratic satisfies condition (12) with displacement if nty for
edges. Graph u(t) with signal expansion coefficient values n==40,+1,+2.
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Fig. 9. Examples of the generalized class OHS s (¢) and s;(r) with optimal functions u(z) if & =0,0.25,0.5 and 1.
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Figure 10b shows another function, uy(z), — 7 <t < T, also
satisfying condition (12). From the graphs of functions
up(t) and uy(t), it is obvious that the given functions are
orthogonal.

@ [”1(’)
-To -%10 -%‘Co -%1:0 0 %1:0 % %10 T
< 7 >
(b) uy(1)
-To ‘%To '%To '%To 0 %To %To %To To

Fig. 10. Example of a piecewise constant functions for the cri-
terion (12).

Hence, it has been justified that the criterion of OHS or-
thogonality in Eq. (12), at a certain level of 7y and with
the uninterrupted envelopes u(t) considered, also meets
the plurality of piecewise-constant functions u(¢). Their
application allows to synthesize the corresponding OHS
systems of the generalized class.

Figure 11 shows examples of the given signals s;(¢) and
s2(r) of the OHS system with the piecewise constant enve-
lope function u;(z), see Fig. 10a.
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Fig. 11. Examples of OHS s(r) with piecewise constant envelopes
with criterion (12).

For the OHS of the generalized class using piecewise-
constant functions u(¢), the orthogonality criterion from
Eq. (6) should be added with the following conditions:

e signals u(t) are symmetrical along axis u(0),

e interval 7o =Y ;AT;, where A7; is the duration of i-th
interval of function u(z),—% <r <1,

e the interval of function u(¢) satisfies the condition
T > 271.
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Fig. 12. Examples of OHS s(r) with piecewise constant envelopes
with cosine-quadratic fronts (a = 0.0625).

It is also easy to verify compliance the criterion (12) of
piecewise-constant envelope functions u(z) with fronts hav-
ing the second-order symmetry. Figure 12 shows exam-
ples of such functions u;(¢) and u,(¢) with cosine-quadratic
fronts corresponding to piecewise constant envelope func-
tions () and uy(¢), with the signal expansion coefficient
of oo =0.0625.

5. Conclusions

The article defines a generalized class of orthogonal
harmonic signals (OHS) and the following results are
obtained.

1. The synthesis problem for OHSs that are orthogonal
with the interval of T, 7) < T < 27 is presented.

2. Criteria for the synthesis of functions u(t) of the gen-
eralized class OHS are defined.

3. Function u(t) is proposed to be synthesized as
a convolution of the p(r) =1, —%’L'() <tr< %T() rect-
angular signal, symmetrical along the middle of the
go(t),—%r <t< %‘L’, signal, where T =T — 1y. The
edges of the resulting signal are symmetrical rela-
tive to the boundaries of the [—1 7y, 7] interval and
satisfy condition (12).

4. The problem of optimizing the synthesis for u(r)
functions with the minimum effective spectrum width
U(w) at given T and 7y parameters is solved. The so-
lution to the problem is a function with cosine-square
fronts, known in theory, which is a convincing proof
of the correctness (validity) of the authors’ proposals
presented in the article.
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5. To estimate the energy concentration gain, provided
by the optimal u(¢) functions, U(®) spectra were
calculated for different values of the signal expansion
coefficient a.

6. It has been demonstrated that the OHS orthogonal-
ity criterion for a certain selection of 7y, along with
the considered u(¢) continuous functions, also cor-
responds to the set of piecewise constant functions
u(t), the application of which allows to synthesize
the corresponding OHS systems of the generalized
class.
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