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Abstract — This paper presents problems related to ther-

mal radiation of human bodies in microwave range in aspect

of diagnosis of breast carcinoma. A mathematical model of

thermal radiation transfer through tissues is introduced and

methods of measurement of temperature, depth and size of

a heat source, by means of multifrequency microwave ther-

mography are described. Theoretical considerations are sup-

plemented by presentation of experimental results.
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1. Introduction

The passive microwave thermography is based on measure-
ment of thermal radiation emitted by each body, which has
the temperature higher than the absolute zero [1–8]. The
greatest intensity of radiation is in the infrared, but high
attenuation of tissue in this range limits application of the
infrared thermography to measurements of skin tempera-
ture only. In the microwave frequency range the intensity
of radiation is about ten million times lower but attenuation
of tissue is low, too. Moreover in this range the intensity of
radiation is directly proportional to absolute temperature.
Thermal radiation from a biological body is attenuated by
each layer of tissue. Moreover it is reflected and at the same
time refracted on the interfaces between different layers [9].
The initial analysis indicates that attenuation, characterised
by depth of penetration, is the most important factor.
Analysis of characteristics of radiation and attenuation
makes it possible to conclude, that measurements on several
frequencies will enable us to estimate the depth and size of
the heat source [10–14]. Computer simulation shows that
for anatomical depths of the heat source, the maximum in-
tensity of the received radiation is in the frequency range
between 1 GHz and 5 GHz. Therefore, we use radiometers
working in this range.
In microwave radiometers temperature measurement
is made essentially by measuring the thermal noise
power [15]. Considering the method of thermal noise power
measurement, microwave radiometers can be divided into
two groups: total power (compensatory) radiometers and
modulation radiometers (Dicke radiometers). Modulation
radiometers can be further divided into self-balancing ones
and those with compensation of reflection coefficient.
In Dicke radiometers, the output signal carrying informa-
tion about temperature difference is directly proportional to
the gain of high frequency section. This requires high sta-
bility and periodical calibration with reference noise source.

It is also important that temperature reading depends not
only on temperature of examined tissues but also on imper-
fect matching between antenna and measured object. As
a result, Dicke radiometers have to be recalibrated before
every single measurement, which is very strenuous in clin-
ical applications.
Using self-balancing radiometer with internal, controlled
noise source can eliminate errors resulting from gain
changes. Block diagram of such a device with additional
compensation of reflection coefficient of antenna-tissue in-
terface is presented in [16]. In such radiometer, the input
power is compared with power from internal noise source.
As a result of self-balancing procedure voltage at the output
of low-pass filter goes to zero. Thus the result of measure-
ment is independent from radiometer’s gain.
In previous designs of radiometers constructed in Military
University of Technology in Warsaw internal noise source
was controlled by analogue regulation loop. Error signal
from the output of synchronous detector was transmitted to
regulation elements of internal noise generator, which were
nonlinear PIN diodes. To ensure quasi-linear conversion
characteristics of radiometer, the temperature range had to
be limited.
Limitation mentioned above can be successfully overcome
using computer-controlled digital regulation loop [17] pre-
sented in Fig. 1. Regulation voltage of the internal noise
generator changes until zero output voltage is reached.
Temperature is calculated by software, which takes into
account effects nonlinear characteristics of regulation ele-
ments.

Fig. 1. Block diagram of a radiometer with compensation of
reflection coefficient and digitally controlled internal noise source.

Application of optimal control and conversion algorithm
reduced the sensitivity of temperature measurement to
changes of environmental parameters such as electrical
properties and ambient temperature. A homodyne receiver
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was used in measurement unit described above, which re-
duces noise level and improves temperature resolution. Fur-
ther performance improvement is obtained by fully digital
synchronous detection and low-pass filtering by digital sig-
nal processor.
Monofrequency radiometry enables measurement of aver-
age temperature of a certain area. Therefore, we do not
know whether the heat source is cool and just under the
skin or perhaps it is hot, but deeply located. In both cases
the thermal brightness of the external surface may be equal.
This is illustrated in Fig. 2. We only know that there is an
area of increased temperature under the antenna, which may
indicate the presence of tumour.

Fig. 2. Monofrequency microwave thermography.

Estimation of spatial temperature distribution inside the in-
vestigated object is particularly interesting from the practi-
cal point of view. The solution presented below uses the
power thermography at different frequencies [18, 19]. This
method is based on increase of intensity of thermal ra-
diation and decrease of penetration depth into biological
tissues with frequency.
Spatial temperature distribution can be determined by mea-
surements taken in adjacent points. Therefore in next chap-
ters the uni-dimensional analysis of deep-seated profile
of temperature distribution will be presented as well as
algorithm of inverse transformation converting the re-
sults of multiband measurements of temperature brightness
on the external surface into deep-seated temperature distri-
bution.

2. Temperature brightness of the
external surface

As presented in [20, 21] three-layer model of tissue, in-
crease of physical temperature of the internal heat source
T results in increase of the temperature brightness T ′ of the

external surface of tissue in accordance with the following
formula

T ′ = T e
−

dg
δg tg f e

−
d f
δ f t f s e−

ds
δs

, (1)

where: dg, d f , ds – distances in gland, fat and skin layers;
δg, δ f , δs – power penetration depths in each layer; tg f , t f s –
coefficients of power transmission at layer interfaces.

Moreover, increase of the temperature brightness Tf mea-
sured by a radiometer working at frequency f depends on
reflection coefficient of the antenna – skin interface Γ f and
can be described as follows

Tf = T ′
(

1−
∣

∣Γ f
∣

∣

2
)

KT = T ′ K f , (2)

where: KT – a factor defined as displayed temperature
increase/real temperature increase ratio; K f – a resultant
coefficient included – moreover – actual antenna – tissue
matching.
In medicine, particularly in oncology, there is no point
source of heat but unknown temperature distribution T (z).
The authors aim at finding T (z) distribution on the basis of
discrete measurements of Tf i values. This typical problem
has no unique solution. Analysis of this problem shows
that in order to obtain estimate solution it is necessary to
take some simplifying assumptions regarding the source of
thermal radiation and type of estimated temperature distri-
bution.
From the structure of tissue and properties of an initial
stage of a tumour [22, 23], one can conclude that cancer
has a spherical shape and the distribution of temperature
originating from it exponentially decreases to zero in the
layer of gland. Therefore, the Gauss curve has been as-
sumed as the fitting function for deep-seated temperature
distribution:

T (z) = TS e−
( z−dg

σ
)2

. (3)

This is illustrated in Fig. 3. In this situation, increase of
physical temperature of the internal heat source causes in-
crease of temperature brightness of the external surface Tf ,
and is expressed by the following equation:

Tf = Tg tg f e
−

d f
δ f t f s e−

ds
δs K f . (4)

Fig. 3. Distribution of temperature inside biological tissue.
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In this equation Tg is the effective temperature on the
gland – fat interface and it is defined by integral of tem-
perature distribution T (z) in a range from zero to infinity,
with regard to transfer coefficient:

ξ (z) = e
− z

δg
. (5)

From Eqs. (3) and (5) we obtain:

T (ξ ) = TS e−
( dg

σ
)2

ξ−
δg
σ2

(

δg lnξ +2dg
)

. (6)

Integrating in relation to z from zero to infinity is equiv-
alent to integrating in relation to ξ from zero to one, and
consequently the temperature brightness on the gland – fat
interface can be written as

Tg =

1
∫

0

T (ξ )dξ . (7)

Unfortunately there is no expression, which describes an-
tiderivative of a function shown above, but it is possible to
derive a formula for a definite integral as follows:

Tg =
TSσ

√
π

2δg
e

σ2−4δgdg
4δ 2

g

[

erf
(

2δgdg −σ 2

2δgσ

)

+1

]

. (8)

As according to the initial assumptions, the follow-
ing relationship is valid across analysed spectral range
(1.5–4.4 GHz):

erf
(

2δgdg −σ 2

2δgσ

)

≈ 1 (9)

and Eq. (8) simplifies to

Tg =
TSσ

√
π

δg
e

σ2−4δgdg
4δ 2

g
. (10)

Substituting Eq. (10) into Eq. (4), we obtain the following
formula:

Tf =
TSσ

√
π

δg
e

σ2−4δgdg
4δ 2

g tg f e
−

d f
δ f t f s e−

ds
δs K f . (11)

This formula defines relationship between increase of the
physical temperature of the internal heat source and in-
crease of temperature brightness on the external surface
measured by a radiometer operating at frequency f .

3. The inverse transformation

3.1. The homogeneous layer of tissue

In case of a single muscle layer, formula (11), which de-
scribes temperature brightness of the external surface, mea-
sured at frequency fi as a function of deep-seated temper-
ature distribution can be expressed as

Tf i =
Tsσ

√
π

δmi
e

σ2−4δmidm
4δ 2

mi K f i. (12)

As a result of a calibration process we obtained coefficients
K f i (i = 1,2,3) for three radiometers working at different
frequencies. Using these coefficients and proper power pen-
etration depths δmi we can estimate the real temperature
distribution by means of multifrequency measurement.
By solving the set consisting of Eq. (12) for three frequen-
cies ( f1, f2, f3):







































Tf 1 =
Tsσ

√
π

δm1
e

σ2−4δm1dm
4δ 2

m1 K f 1 ,

Tf 2 =
Tsσ

√
π

δm2
e

σ2−4δm2dm
4δ 2

m2 K f 2 ,

Tf 3 =
Tsσ

√
π

δm3
e

σ2−4δm3dm
4δ 2

m3 K f 3 ,

(13)

we obtain expressions describing the real temperature dis-
tribution inside investigated tissue:

dm =
α ·δ 2

m1
(

δ 2
m2 −δ 2

m3
)

−β ·δ 2
m3

(

δ 2
m1 −δ 2

m2
)

δ 2
m1

(

δm2 −δm3
)

−δ 2
m2

(

δm1−δm3
)

+δ 2
m3

(

δm1−δm2
) ,

σ = 2δm1δm2

√

dm
(

δ−1
m2 −δ−1

m1

)

−α
δ 2

m1 −δ 2
m2

,

TS =
Tf 1δm1

σ K f 1
√

π
e

4δm1dm−σ2

4δ 2
m1

, (14)

where:

α = ln
(

Tf 1 K f 2 δm1

Tf 2 K f 1 δm2

)

, β = ln
(

Tf 2 K f 3 δm2

Tf 3 K f 2 δm3

)

.

The equations presented above were used for experimen-
tal verification of described method used to estimate the
temperature, depth and size of an internal heat source, by
means of multifrequency microwave thermograph.

3.2. The tissue consist of gland, fat and skin layers

When the measured tissue consists of separate layers of
gland, fat and skin it is necessary to perform four-band
measurement. In this case, formula (11), which describes
temperature brightness on the external surface, measured
at frequency fi as a function of deep-seated temperature
distribution can be written as

Tf i =
TSσ

√
π

δgi
e

σ2−4δgidg

4δ 2
gi tg f i e

−
d f
δ f i t f si e

− ds
δsi K f i . (15)

The layer of skin in tested place, taking into account its
thickness, can be treated as a thin layer. Consequently,
Eq. (15) assumes the following form:

Tf i =
TSσ

√
π

δgi
e

σ2−4δgidg

4δ 2
gi tg f i e

−
d f
δ f i K f i . (16)
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Based on the Fresnel’s formulas and using dielectric data
of tissues from [24], coefficient of power transmission on
the gland and fat interface tg f i is about 0.96 across analysed
spectral range and for an angle of incidence within ±25◦.
As a consequence, formula (16) can be expressed as:

Tf i =
TSσ

√
π

δgi
e

σ2−4δgidg

4δ 2
gi e

−
d f
δ f i 0.96K f i . (17)

Conducting four-band measurement using four radiometers
and applying formula (17), the following set of nonlinear
equations is obtained:



































































Tf 1 =
TSσ

√
π

δg1
e

σ2−4δg1dg

4δ 2
g1 e

−
d f
δ f 1 0.96K f 1

Tf 2 =
TSσ

√
π

δg2
e

σ2−4δg2dg

4δ 2
g2 e

−
d f
δ f 2 0.96K f 2

Tf 3 =
TSσ

√
π

δg3
e

σ2−4δg3dg

4δ 2
g3 e

−
d f
δ f 3 0.96K f 3

Tf 4 =
TSσ

√
π

δg4
e

σ2−4δg4dg

4δ 2
g4 e

−
d f
δ f 4 0.96K f 4

. (18)

Numerical solution of that set of equations makes it possi-
ble to determine all parameters of temperature distribution
in the examined tissue (TS, σ , dg, d f ). Complete depth of
the heat source is expressed by the following equation:

d = dg +d f +ds ≈ dg +d f . (19)

Because it is relatively easy to estimate the thickness of a fat
layer, it is possible to determine temperature distribution us-
ing three-band measurement introducing into relation (16)
a resultant factor defined by equation:

Kri = tg f i e
−

d f
δ f i K f i . (20)

Formula (16) simplifies to

Tf i =
TSσ

√
π

δgi
e

σ2−4δgidg

4δ 2
gi Kri . (21)

As a result of three-band measurement and using for-
mula (21), the following set of equations is obtained:















































Tf 1 =
TSσ

√
π

δg1
e

σ2−4δg1dg

4δ 2
g1 Kr1

Tf 2 =
TSσ

√
π

δg2
e

σ2−4δg2dg

4δ 2
g2 Kr2

Tf 3 =
TSσ

√
π

δg3
e

σ2−4δg3dg

4δ 2
g3 Kr3

. (22)

By solving above equations, formulas describing real tem-
perature distribution in examined tissue can be written as:

dg =
α ·δ 2

g1
(

δ 2
g2 −δ 2

g3
)

−β ·δ 2
g3

(

δ 2
g1 −δ 2

g2
)

δ 2
g1

(

δg2 −δg3
)

−δ 2
g2

(

δg1 −δg3
)

+δ 2
g3

(

δg1 −δg2
) ,

σ = 2δg1δg2

√

√

√

√

dg
(

δ−1
g2 −δ−1

g1

)

−α
δ 2

g1 −δ 2
g2

,

TS =
Tf 1δg1

σ Kr1
√

π
e

4δg1dg−σ2

4δ 2
g1

, (23)

where:

α = ln
(

Tf 1 Kr2 δg1

Tf 2 Kr1 δg2

)

, β = ln
(

Tf 2 Kr3 δg2

Tf 3 Kr2 δg3

)

.

Complete depth of the heat source is increased by width
of fat and skin layers and can be calculated using for-
mula (19).
Numerical analysis of formulae shown in this chapter
leads to a conclusion that results of estimation of un-
known temperature distribution strongly depend on accu-
racy of Tf i temperature measurements. This is a result of
rapidly changing exponential functions appearing in final
formulae. Therefore it seams reasonable to conduct extra
measurements on other frequencies to precise the results.
It requires the choice of an optimal algorithm of solving
redundant set of nonlinear equations.

4. Experimental results

The setup we used for verification of this method, is pre-
sented in Fig. 4. A chunk of beef was used as tissue. We
used a poly-propylene tube of diameter 5 mm, containing
1.5% saline solution as the heat source.

Fig. 4. Scheme of the measurement.
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Temperature of solution was regulated by the thermostat.
To inspect the physical temperature distribution inside the
tissue we used mini hypodermic probes with platinum RT D
element. In the range of temperatures from 30◦C to 45◦C,
conductivity of the solution is about 2 S/m, and relative
permittivity falls into a range from 70 to 75. Such param-
eters assure very good coefficient of power transmission
across the solution – tissue interface, equal to 0.99 for all
measurement frequencies. Side of tube can be omitted in
analysis because its thickness is only 0.1 mm.
To test the non-invasive thermometry based on the prin-
ciples described in this paper, we used the experimen-
tal three-band radiometer system, which measured tem-
perature brightness at f1 = 1.5 GHz, f2 = 2.9 GHz and
f3 = 4.4 GHz. Main parameters of the radiometric mea-
surement system are given in Table 1. Measurements were
made automatically and the results were displayed and
stored using a PC.

Table 1
Main parameters of the radiometric system

Parameters fi [GHz]
1.5 2.9 4.4

RF bandwidth, BHF [MHz] 180 390 485

Noise temperature, TR [K] 215 425 558

Equivalent integrating

time [15], τ =
1

2BLF
[s] 6 6 6

Integration time, t [s] 10 10 10

Resolution∗, ∆T = 2
TA +TR
√

BHFτ
[K] 0.032 0.030 0.032

∗ Brightness temperature resolution (sensitivity) calculated

according to [15, 25] for TA = 310 K.

Radiometer working at the highest frequency determines
the overall capability of the measurement system to esti-
mate depth and size of a heat source. It is because high fre-
quency microwaves cannot deeply penetrate tissues. Then
again, radiometer working at the lowest frequency deter-
mines probability of detection of a heat source in antenna’s
field of view.
As a result of a calibration process we obtain coefficients:
K f 1 = 1.05, K f 2 = 1.2 and K f 3 = 0.8 and power pene-
tration depths for the investigated tissue: δm1 = 6.6 mm,
δm2 = 3.8 mm, δm3 = 3.0 mm.
Experiment involved wide distribution of temperature. Dis-
tribution should be sufficiently wide in relation to dimen-
sions of tube, so that its influence on results was pre-
vailing.
Figure 5 shows typical results obtained for temperature
distribution with the following parameters: TS = 20◦C,
dm = 20 mm and σ = 6.2 mm. The result of radiometric
measurements, calculated on the basis of Eqs. (14) and (3),

is shown as a solid curve and the results of direct measure-
ments by the RT D probes are shown as points.
As the brightness temperatures Tf i fluctuate randomly due
to the nature of thermal radiation, the deep-seated profile
of temperature distribution estimated from them also fluc-
tuates randomly. We computed numerically the error in es-
timating this profile by means of a Monte Carlo technique.
We used a 95.5% confidence level to define the accuracy
of tissue temperature measurement. It was illustrated by
dashed lines in Fig. 5.

Fig. 5. Results of measurements.

From this chart, we can conclude that the correctness of the
presented analysis for single homogenous muscle layer has
been confirmed by experiment. Results obtained indicate
a possibility of non-invasive detection and measurement of
spatial temperature distribution inside a human body by
means of multifrequency microwave thermograph.

5. Conclusion

The objective of this article was to present a measurement
method suitable to estimate deep-seated temperature dis-
tribution by means of a multifrequency microwave ther-
mograph. Theoretical analysis justified initial assumptions,
on which the method of estimating temperature distribu-
tion inside biological tissues was based. Experimental re-
sults confirmed that for single homogenous muscle layer it
is possible to estimate the deep-seated profile of tempera-
ture distribution after a three-band measurement. For three
layers (gland, fat and skin) a multi-band measurement is
necessary with four radiometers working at different fre-
quencies. Additional conditions make this measurement
possible with only three radiometers.
Considering measurement error, a kind of redundancy in
data acquisition is advisable. This makes the whole system
less sensitive to random fluctuations of brightness tempera-
tures Tf i. Research suggests adding a 5th frequency around
1 GHz (to obtain the deepest penetration) in the radiometer
system.
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