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Abstract — This paper presents a technique for frequency
offset estimation for polynomial cancellation coded orthogo-
nal frequency division multiplexing with symbols overlapped
in the time domain (overlap PCC-OFDM) in the presence of
phase noise. The frequency offset estimator is designed based
on the subcarrier pair imbalance (SPI) caused by frequency
offset. The estimation is performed in the frequency domain
at the output of the receiver discrete Fourier transform (DFT).
No training symbols or pilot tones are required. Simulations
show that this estimator is an approximately linear function
of frequency offset. Phase noise does not significantly affect
the variance performance of the estimator.

Keywords — OFDM, frequency offset, estimation, phase noise,
overlap PCC-OFDM.

1. Introduction

Orthogonal frequency division multiplexing (OFDM) tech-
niques have been widely used as the modulation method in
many high-speed data transmission systems [1, 2]. One of
the major disadvantages is its high sensitivity to frequency
offset caused by the frequency difference between the os-
cillators in the transmitter and the receiver. A frequency
offset will introduce a common phase error (CPE) in all
subcarriers in a symbol, will cause noise-like intercarrier
interference (ICI) crossing all subcarriers in a symbol and
reduce the amplitude of the wanted signal. Since phase
noise will cause CPE and ICI, OFDM is also very sensi-
tive to phase noise [3].
Polynomial cancellation coded OFDM is an ICI cancel-
lation scheme which was originally designed to reduce
the ICI caused by frequency offset rather than phase
noise [4–6]. A recent study shows that PCC-OFDM can
also significantly reduce the ICI caused by phase noise [7].
Furthermore, it is shown in [8] that in PCC-OFDM sys-
tems where the symbols are entirely coded in PCC, blind
frequency offset estimation can be achieved by exploit-
ing the subcarrier pair imbalance caused by frequency
offset.
In PCC-OFDM, each data value to be transmitted is mapped
onto a group of subcarriers. The number of subcarriers in
a group depends on the requirement for the system per-
formance [6]. In this paper, the case where each data
value to be transmitted is mapped onto a pair of subcarriers
is considered. PCC-OFDM has many advantages includ-

ing insensitivity to frequency offset and Doppler spread,
much faster power spectrum roll-off and much lower out-
of-band power than conventional OFDM. Despite its advan-
tages, PCC-OFDM is not bandwidth efficient in its simplest
form. One way to overcome this drawback is to overlap
PCC-OFDM symbols in the time domain [9, 10]. Figure 1
shows how PCC-OFDM symbols are overlapped with an
overlapping offset of T=2, where T is the symbol period.
In this case, the first half of the current PCC-OFDM sym-
bol is overlapped with the second half of the previous
PCC-OFDM symbol. The second half of the current sym-
bol is overlapped with the first half of the next PCC-OFDM
symbol. Using the overlapping technique, the same data
rate as conventional OFDM can be achieved while the ben-
efits of PCC-OFDM are retained. After the overlapping, at
any time instant an overlap PCC-OFDM symbol contains
overlapping components from adjacent PCC-OFDM sym-
bols. In this paper we propose a frequency offset estimator
for overlap PCC-OFDM, which has the same form of the
estimator as that we proposed for PCC-OFDM [8].

Fig. 1. PCC-OFDM symbols overlapped in the time domain.

This paper is organized as follows. Sections 2 and 3 are the
background for overlap PCC-OFDM techniques. They are
essential for understanding the frequency offset estimation
in overlap PCC-OFDM. In Section 2, the basic concepts for
overlap PCC-OFDM are introduced and an overlap OFDM
system is described. In Sections 3 and 4, the SPI which
is the basis of the technique of frequency offset estima-
tion is investigated, and the expression for a demodulated
overlap PCC-OFDM subcarrier is derived. In Section 5,
the frequency offset estimator for overlap PCC-OFDM is
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Fig. 2. Transmitter for an overlap PCC-OFDM system.

Fig. 3. Receiver for an overlap PCC-OFDM system.

introduced. In Sections 6 and 7, the effects of phase noise
on the performance of the PCC-OFDM and the estimator
have been evaluated. In Section 8, numerical simulation
results are presented and the performance of the estimator
is evaluated. Conclusions are drawn in Section 9.

2. An overlap PCC-OFDM system

We will now look into an overlap PCC-OFDM system.
For the convenience of description, we define a symbol
before overlapping as a PCC-OFDM symbol and define
a symbol containing overlapping components as an overlap
PCC-OFDM symbol.
Figure 2 shows the block diagram of an overlap
PCC-OFDM transmitter. d0;i; : : : ; dn�1;i are n data values
in the ith data block to be transmitted. They are mapped
onto N subcarriers a0;i ; : : : ; aN�1;i , where N is a power of 2.
In the case of data being mapped onto pairs of subcarri-

ers, we have n= N=2 and a2M+1;i = �a2M;i . The output
vectors of the inverse discrete Fourier transform (IDFT)
are then overlapped in the way described in Fig. 1. After
the parallel to serial conversion (P/S), the digital to ana-
log conversion (DAC) and low pass filtering (LPF), the
overlap PCC-OFDM symbol is up converted into the radio
frequency (RF) signal.
Figure 3 shows the block diagram of an overlap
PCC-OFDM receiver. The received signal is fed into a band
pass filter (BPF) and down converted into a baseband sig-
nal. The frequency offset ∆ f is introduced. For conve-
nience, the normalized frequency offset ∆ f T is represented
by ε . After the LPF and analog to digital conversion
(ADC), a sequence of samples of the baseband signal is
obtained. The data samples are clocked into the delay line
at rate T=N and converted into parallel data blocks, each
block has N data values. One DFT operation is performed
on each block for every T=2 second.
The output of the DFT is then weighted and added to ob-
tain the estimates of the transmitted data. The technique for
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data recovery from a set of overlapped symbols has been
presented in the reference [9]. A two-dimensional mini-
mum mean square error (MMSE) equalizer can effectively
recover the overlapped symbols. The equalization of the
overlap PCC-OFDM systems is beyond the range of this
paper, more detailed discussions can be found in the refer-
ence [9].

3. Subcarrier pair imbalance
in PCC-OFDM in absence

of phase noise

In overlap PCC-OFDM, each demodulated subcarrier con-
tains overlapping components from adjacent PCC-OFDM
symbols [11]. The SPI is defined as the amplitude or power
difference between two subcarriers in a demodulated sub-
carrier pair. That is

F(∆ f T) =
��z2M+1;i

��2� ��z2M;i

��2 : (1)

Each value of imbalance is a combination of the imbalance
of the PCC-OFDM subcarrier pair and the imbalance of
the overlapping components in the demodulated subcarrier
pair.

Fig. 4. Average SPI as a function of frequency offset for N= 128,
300 symbols.

In the absence of frequency offset, two demodulated sub-
carriers in an overlap PCC-OFDM subcarrier pair are bal-
anced in a particular way. The SPI depends not only on the
frequency offset and transmitted data values in the current
PCC-OFDM symbol, but also on the overlapping compo-
nents from the preceding and following PCC-OFDM sym-

bols. The data dependency in overlap PCC-OFDM can be
removed by averaging over a number of subcarrier pairs.
The average SPI depends on the frequency offset, there-
fore, we can use the average imbalance for frequency offset
estimation.
Figure 4 shows the average SPI as a function of frequency
offset for N = 128. The number of simulated symbols
was 300 and all subcarrier pairs were used. The figure
shows some interesting features:

� Crossing zero at zero frequency offset.

� For jεj< 0:5, the SPI increases monotonically as the
frequency offset increases.

� Additive white Gaussian noise (AWGN) does not af-
fect the zero crossing position.

� The frequency estimation range can be extended to
one subcarrier spacing.

4. Expression for an overlap
PCC-OFDM subcarrier

To investigate the relationship between the SPI and the fre-
quency offset more clearly, the expression of an OFDM
signal must be derived. The kth sample in the ith time
domain symbol in PCC-OFDM is given by [12]

bk;i =
1
N

N�1

∑
l=0

al ;i exp

�
j2πkl

N

�
; (2)

where al ;i is the signal in the l th subcarrier in the ith OFDM
symbol. The overlapping components in the current sym-
bol are introduced from the second half of the (i � 1)th
PCC-OFDM symbol and the first half of the (i + 1)th
PCC-OFDM symbol. The kth overlapping component is
given by [11]

b0k;i=

8>>>>><
>>>>>:

1
N

N�1

∑
l=0

(�1)l al ;i�1exp
� j2πkl

N

�
; for 0� k� N=2�1;

1
N

N�1

∑
l=0

(�1)l al ;i+1exp
� j2πkl

N

�
; for N=2� k� N�1:

(3)

At the receiver, the kth value of the ith input data block to
the DFT is given by

yk;i = exp

 
j2πkε

N

!�
b0k;i +bk;i

�
+wk;i ; (4)
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where wk;i is the channel AWGN. The mth subcarrier in the
ith demodulated symbol is then given by

zm;i =
N�1

∑
k=0

yk;i exp
�� j2πkm

N

�
=

=
N=2�1

∑
k=0

yk;i exp
�� j2πkm

N

�
+

N�1

∑
k=N=2

yk;i exp
�� j2πkm

N

�
: (5)

The 2Mth demodulated subcarrier is given by

z2M;i =
N=2�1

∑
L=0

(CF2(L�M)
+CF2(L�M)+1)dL;i�1+

+
N�1

∑
L=0

(CS2(L�M)
+CS2(L�M)+1)dL;i+1+

+
N�1

∑
L=0

(c2(L�M)
�c2(L�M)+1)dL;i +W2M;i ; (6)

where W2M;i is the DFT of wk;i , cl�m are complex coeffi-
cients given by [4]

cl�m=
sin
�
π(l�m+ε)

�
Nsin

�
π(l�m+ε)=N

� �exp
�
jπ(N�1)(l�m+ε)=N

�
:

(7)

It is shown in [13], W2M;i is AWGN. The coefficients CFl�m
and CSl�m are given by

CFl�m=
1
N

N=2�1

∑
k=0

exp

�
j2πk(l �m+ ε)

N

�
; (8)

CSl�m=
1
N

N�1

∑
k=N=2

exp

�
j2πk(l �m+ ε)

N

�
: (9)

Similarly, the (2M+ 1)th demodulated subcarrier can be
obtained.

5. Minimum mean square error
frequency offset estimator
for overlap PCC-OFDM

It is shown in Appendix A that Eq. (1) for overlap PCC-
OFDM for 4 quadrature amplitude modulation (4QAM) can
be written as

F(ε) = K sin(πε)+eM ; (10)

where K is a constant given by [8]

K = cos

�
π
N

� log2(N)�1

∏
k=1

cos

�
2k�1π

N

�
(11)

eM is the error term. For small frequency offset, the er-
ror term can be approximated as additive noise with zero

mean and finite variance. Applying MMSE techniques for
Eq. (10) [14], we can obtain the frequency offset estimator

ε̂ =
1
π

sin�1
�

1
KMl

Ml

∑
t=1

Ft(ε)
�
; (12)

where Ml is number of subcarrier pairs used for the fre-
quency offset estimation.

6. Phase noise in PCC-OFDM

The effects of phase noise on the performance
of PCC-OFDM have been investigated in [15]. For con-
venience of discussion, the main results are outlined as
follows. Let

ψp =
1
N

N�1

∑
k=0

exp

�
�j2πkp

N

�
exp
�

jθ (k)
�
; (13)

where p=�(N�1); : : : ;0; : : : ;(N�1), θ (k) is the kth sam-
ple of the phase noise. Thus the quantity ψp is the DFT of
exp
�

jθ (k)
�
, evaluated at the frequency p=N. Variable ψp

depends on the frequency spectrum of the phase noise.
If θ (k) is a constant, then ψp = 0, for p 6= 0, and there
is no ICI. Furthermore, for θ (k) = 0, we obtain ψp = 1,
and the demodulated subcarrier is equal to its original data
to be transmitted. For a small phase noise θ (k), using the
approximation exp

�
jθ (k)

�
� 1+ jθ (k), Eq. (13) can be

written as

ψp �
1
N

N�1

∑
k=0

exp

�
�j2πkp

N

��
1+ jθ (k)

�
: (14)

For p 6= 0, Eq. (14) is given by

ψp �
j
N

N�1

∑
k=0

exp

�
� j2πkp

N

�
θ (k) : (15)

Quantity ψp is presented in terms of the DFT of the phase
noise, which is the spectrum of the phase noise θ (k). For
p= 0, we get

ψp � 1+
j

N

N�1

∑
k=0

θ (k): (16)

The estimate of the Mth data value in the ith data block to
be transmitted is given by

vM;i = dM;i +
1
2

dM;i

�
�ψ

�1+2(ψ0�1)�ψ1

�
+

+
1
2

N=2�1

∑
L=0
L 6=M

dL;i

�
�ψ2(M�L)+1+2ψ2(M�L)�ψ2(M�L)�1

�

+
�
W2M;i �W2M+1;i

�
=2; (17)
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where the first term at the right hand is the wanted signal,
the second term is the CPE, the third term is the ICI and
the last one is the weighted AWGN. In OFDM, the CPE
and ICI depend on the individual frequency spectrum of
the phase noise [3, 16]. In PCC-OFDM, the CPE and
ICI depend on the combinations of phase noise spectra
rather than individual spectra. This makes it possible to
reduce the effects of phase noise by using a phase lock
loop (PLL) that can fit the overall phase noise spectrum to
a particular pattern. For the special case where the individ-
ual spectrum ψp has a linear relationship with frequency,
then the ICI caused by the phase noise can be completely
cancelled.
The CPE term is given by

YCM;i =
1
2

dM;i

�
�ψ

�1+2(ψ0�1)�ψ1

�
= jdM;iΘ0 (18)

where Θ0 is a constant,

Θ0 =
2
N

N�1

∑
k=0

sin2
�

πk
N

�
θ (k) : (19)

This result indicates that all PCC-OFDM subcarriers ex-
perience a CPE. This rotation can be detected and there-
fore compensated using techniques provided in the litera-
ture [17]. One simple way to do this is to insert pilot tones
in a symbol and estimate the rotation angle. Once the CPE
is corrected in the pilot tones, the remaining phase noise
in other subcarriers can be corrected.
Similarly, the ICI term in Eq. (17) can be presented by

YIM ;i =
1
2

N=2�1

∑
L=0
L 6=M

dL;i

�
�ψ2(M�L)+1+

+2ψ2(M�L)�ψ2(M�L)�1

�
= j

N=2�1

∑
L=0
L 6=M

dL;iΘL�M ; (20)

where

ΘL�M =
2
N

N�1

∑
k=0

sin2
�

πk
N

�
exp

�
j4πk(L�M)

N

�
θ (k) : (21)

We will now investigate the case where phase noise is white
Gaussian. In this case, no correlation between the samples
of phase noise is assumed, and the possible difference be-
tween two consecutive samples is highest. The variance of
the CPE can be calculated by

var
�
Θ0

�
=

4
N2

N�1

∑
k=0

sin4
�

πk
N

�
E
h��θ (k)��2i= 3σ2

θ
2N

; (22)

where σ2
θ is the variance of the phase noise, σ2

θ =

= E
h��θ (k)��2i. Note the summation in Eq. (22) is a con-

stant,
N�1
∑

k=0
sin4(πk=N) = 3N=8. The variance of the CPE is

proportional to the variance of the phase noise. Thus the
variance of the CPE is then given by

var
�
YCM;i

�
=

3σ2
θ σ2

s

2N
=

3σ2
θ

2N
: (23)

Note we have used σ2
s = 1 for 4QAM. The variance of the

angle in ICI is given by

var
�
ΘL�M

�
= E

�
ΘL�MΘ�

L�M

�
=

=
4

N2

N�1

∑
k=0

sin4
�

πk
N

�
E
h��θ (k)��2i= 3σ2

θ
2N

: (24)

Similarly, we can calculate the variance of the ICI from
Eq. (17)

var
�
YIM ;i

�
=

�
N
2
+1

�
3

2N
σ2

s σ2
θ =

�
3
4
+

3
2N

�
σ2

θ : (25)

The result indicates that the variance of ICI caused by phase
noise has been significantly reduced in PCC-OFDM [3].
For a sufficiently large N, the value of ICI in PCC-OFDM
is almost one quarter less than that in OFDM.

7. Effects of phase noise on SPI

The frequency offset estimator is derived for overlap
PCC-OFDM systems without phase noise. When the phase
noise is taken into account, the performance of the estima-
tor is affected by the phase noise since the phase noise also
contributes to the SPI. Figure 5 shows the SPI in the pres-

Fig. 5. Average SPI as a function of frequency offset in presence
of phase noise for N = 128, 300 symbols.
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ence of phase noise for N = 128 averaging over 300 sym-
bols. It is shown that the phase noise does not significantly
contribute to the SPI. In other words, the frequency offset
estimator can be used for frequency offset estimation even
in the presence of phase noise. Phase noise will increase
the variance of estimate of frequency offset. This issue will
be discussed in the next section.

8. Simulation results

To evaluate the performance of the MMSE estimator, sim-
ulations were performed. In the following simulations,
4QAM is used for the modulation scheme with Ml = 512
and N= 128. Figure 6 shows the estimator as a function of

Fig. 6. F(ε) as a function of frequency offset for Ml = 512 and
N = 128.

Fig. 7. Variance as a function of frequency offset for Ml = 512
and N = 128.

the frequency offset for Eb=N0 = 10 dB. It is evident that
the estimator has an approximately linear relationship with
frequency offset.
Figure 7 shows the variance of the frequency offset esti-
mator as a function of the frequency offset for an ideal
channel. The variance does not change significantly as fre-
quency offset increases. This means that the overlapping
components in overlap PCC-OFDM are the dominant fac-
tor for the variance. Lower variance can be obtained by
increasing Ml or using a two-dimensional MMSE equalizer
before the frequency offset estimation.

Fig. 8. Variance as a function of Eb=N0 for Ml = 512 and
N = 128.

Figure 8 shows the variance of frequency offset estimator
as a function of Eb=N0. The frequency offset simulated
was zero. The variance does not significantly change as
the channel noise increases. This is because the variance
is dominated by the overlapping components rather than
channel noise.

9. Conclusions

An MMSE frequency offset estimator for overlap
PCC-OFDM systems has been presented. A frequency off-
set estimate is obtained by using the average SPI at the
output of the receiver DFT. No training symbols or pi-
lot tones are required. The estimator has an approxi-
mately linear relationship with frequency offset. The ef-
fects of phase noise on the performance of PCC-OFDM
have been theoretically discussed. Particularly, the effect
of phase noise on the SPI has been analyzed and simu-
lated. Simulations show that the phase noise does not af-
fect variance performance of the MMSE frequency offset
estimator.
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Appendix A

From Eq. (6), the power of the 2Mth subcarrier is given by

��z2M;i

��2 =N=2�1

∑
L=0

���CF2(L�M)+CF2(L�M)+1

���2��dL;i�1

��2+

+
N=2�1

∑
L=0

���CS2(L�M)
+CS2(L�M)+1

���2��dL;i+1

��2+

+
N=2�1

∑
L=0

���c2(L�M)
�c2(L�M)+1

���2��dL;i

��2+e2M;i : (A.1)

Equation (A.1) indicates that the power of each demodulated subcarrier can be represented in terms of the individual
power components from the preceding, current and following PCC-OFDM symbols. Note for 4QAM with each subcarrier
normalized to unity,

��dL;i

��2 = 1. The error term of Eq. (A.1) is then given by

e2M;i =
N=2�1

∑
L=0
L 6=K

N=2�1

∑
K=0

�
c2(L�M)

�c2(L�M)+1

��
c2(K�M)

�c2(K�M)+1

�
�

dL;id
�

K;i +

+
N=2�1

∑
L=0
L 6=K

N=2�1

∑
K=0

�
CF2(L�M)

+CF2(L�M)+1

��
CF2(K�M)

+CF2(K�M)+1

�
�

dL;i�1d�

K;i�1+

+
N=2�1

∑
L=0
L 6=K

N=2�1

∑
K=0

�
CS2(L�M)+CS2(L�M)+1

��
CS2(K�M)+CS2(K�M)+1

�
�

dL;i+1d�

K;i+1+

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
c2(L�M)

�c2(L�M)+1

��
CS2(K�M)

+CS2(K�M)+1

�
�

dL;id
�

K;i+1+

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
CF2(L�M)

+CF2(L�M)+1

��
c2(K�M)

+c2(K�M)+1

�
�

dL;i�1d�

K;i +

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
c2(L�M)

�c2(L�M)+1

�
�
�
CS2(K�M)

+CS2(K�M)+1

�
d�

L;idK;i+1+

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
CF2(L�M)

+CF2(L�M)+1

�
�
�
c2(K�M)

+c2(K�M)+1

�
d�

L;i�1dK;i +

+2Re

(
W2M;i

N=2�1

∑
K=0

�
CF2(K�M)

+CF2(K�M)+1

�
�

d�

K;i�1

)
+

+2Re

(
W2M;i

N=2�1

∑
K=0

�
CS2(K�M)�1+CS2(K�M)

�
�

d�

K;i+1

)
+

+2Re

(
W2M;i

N=2�1

∑
K=0

�
c2(K�M)

�c2(K�M)+1

�
�

d�

K;i

)
+
��W2M;i

��2 : (A.2)
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Because the expected value of all cross terms is zero, the expected value of the error term is equal to the variance of the
noise. Similarly, we can obtain the power for the (2M+1)th subcarrier. Using

��dL;i

��2 = 1 for 4QAM, the subcarrier pair
imbalance is then given by

��z2M+1;i

��2���z2M;i

��2 =N=2�1

∑
L=0

���CF2(L�M)�1+CF2(L�M)

���2+
+

N=2�1

∑
L=0

���CS2(L�M)�1+CS2(L�M)

���2�N=2�1

∑
L=0

���CF2(L�M)
+CF2(L�M)+1

���2+
�

N=2�1

∑
L=0

���CS2(L�M)+CS2(L�M)+1‘

���2+N=2�1

∑
L=0

���c2(L�M)�1�c2(L�M)

���2+
�

N=2�1

∑
L=0

���c2(L�M)�c2(L�M)+1

���2+e2M+1;i �e2M;i : (A.3)

It is shown in Appendix B that the combination of the first four summations in Eq. (A.3) equals zero. Thus we can obtain
the subcarrier pair imbalance

F(ε) =
��z2M+1;i

��2� ��z2M;i

��2 = S(ε)+e0M;i (A.4)

where S(ε) is given by [6]

S(ε) = K sin(πε) (A.5)

K is a factor defined in Eq. (11). e0M;i is the Mth total error, e0m;i = e2M+1;i �e2M;i . In overlap PCC-OFDM, the error term
is more complicated than in PCC-OFDM [8]. However, the dominant distribution in the error term is still Gaussian. As
for PCC-OFDM, e0M;i can be approximated as AWGN with zero mean. The variance is larger than that of PCC-OFDM
because of the overlapping components. Appendix C shows the variance of the coupling-crossing terms for e0M;i . Thus,
for a small frequency offset, the overall approximate variance is given by

e0M;i � N(0;8+8σ2
n +2σ4

n) (A.6)

where “�” means distributed as. Note that we have used σ2
s = 1 for 4QAM in Eq. (A.6). The SPI estimator is therefore

given by

ε̂ =
1
π

sin�1
�

1
KMl

Ml

∑
i=1

Fi(ε)
�
: (A.7)

Appendix B

The element of the first summation of Eq. (A.3) is given by

����CF2(L�M)�1+CF2(L�M)

����2 =

=
sin2

�πε
2

�
N2sin2

�
π(2L+ ε)

N

� +
cos2

�πε
2

�
N2 sin2

�
π(2L�1+ ε)

N

� +

�
sin(πε)

N2sin

�
π(2L+ε)

N

�
sin

�
π(2L�1+ε)

N

� sin

�
π
N

�
: (B.1)
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The element of the second summation of Eq. (A.3) is given by

����CS2(L�M)�1+CS2(L�M)

����2 =

=
sin2

�πε
2

�
N2sin2

�
π(2L+ ε)

N

� +
cos2

�πε
2

�
N2 sin2

�
π(2L�1+ ε)

N

� +

+
sin(πε)

N2sin

�
π(2L+ ε)

N

�
sin

�
π(2L�1+ ε)

N

� sin

�
π
N

�
: (B.2)

Similarly the third and fourth terms in Eq. (A.3) can be derived.

Substituting the elements derived to the combination of the first four summations of Eq. (A.3) gives

N=2�1

∑
L=0

���CF2(L�M)�1+CF2(L�M)

���2+N=2�1

∑
L=0

���CS2(L�M)�1+CS2(L�M)

���2+

�
N=2�1

∑
L=0

���CF2(L�M)+CF2(L�M)+1

���2�N=2�1

∑
L=0

���CS2(L�M)+CS2(L�M)+1

���2 =

= 2
N=2�1

∑
L=0

8>><
>>:

cos2
�

πε
2

�

N2 sin2
�

π(2L+ ε�1)
N

� � cos2
�

πε
2

�

N2 sin2
�

π(2L+1+ ε)
N

�
9>>=
>>;= 0: (B.3)

Appendix C

The coupling-cross terms CC2M;i in Eq. (A.2) is given by

CC2M;i =

=
N=2�1

∑
L=0

N=2�1

∑
K=0

�
c2(L�M)

�c2(L�M)+1

��
CS2(K�M)

+CS2(K�M)+1

�
�

dL;id
�

K;i+1+

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
CF2(L�M)

+CF2(L�M)+1

��
c2(K�M)

�c2(K�M)+1

�
�

dL;i�1d�

K;i +

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
c2(L�M)�c2(L�M)+1

�
�
�
CS2(K�M)+CS2(K�M)+1

�
d�

L;idK;i+1+

+
N=2�1

∑
L=0

N=2�1

∑
K=0

�
CF2(L�M)

+CF2(L�M)+1

�
�
�
c2(K�M)

�c2(K�M)+1

�
d�

L;i�1dK;i : (C.1)
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Similarly, the coupling-cross terms CC2M+1;i for the (2M+1)th error term can also be obtained. Note the first term and
the third term are mutually conjugated, the second term and the fourth term are mutually conjugated in Eq. (C.1). Thus,
CC2M+1;i �CC2M;i can be written as

CC2M+1;i �CC2M;i =

=�2Re

(
dM;i

N=2�1

∑
K=0

�
CS2(K�M)�1+2CS2(K�M)+CS2(K�M)+1

�
�

d�

K;i+1

)
+

�2Re

(
d�

M;i

N=2�1

∑
L=0

�
CF2(L�M)�1+2CF2(L�M)

+CF2(L�M)+1

�
dL;i�1

)
; (C.2)

where Re(�) represents the real part of a complex number. For the first summation in Eq. (C.2), considering the most
significant complex coefficients CS0, we get

dM;i

N=2�1

∑
K=0

�
CS2(K�M)�1+2CS2(K�M)

+CS2(K�M)+1

�
�

d�

K;i+1 �

� 2dM;iCS�0d�

M;i+1 : (C.3)

Similarly, we can also simplify the second summation in Eq. (C.2). In addition, in the absence of frequency offset, the
value of the most significant complex coefficient can be obtained from Eqs. (7) and (8), that is CS0 =CF0 = 0:5. Thus
Eq. (C.2) can be written as

CC2M+1;i�CC2M;i �

��2Re
�
dM;id

�

M;i+1

	
�2Re

�
d�

M;idM;i�1

	
: (C.4)

The variance of the left side of Eq. (C.4) is given by

E
h��CC2M+1;i�CC2M;i

��i2
�

� E

�
4
�

Re
�
dM;id

�

M;i+1

��2
+4
�

Re
�
d�

M;idM;i�1

��2
+

+ 4
�

Re
�
dM;id

�

M;i+1

���
Re
�
d�

M;idM;i�1

��i
= 8σ4

s : (C.5)

When all complex coefficients are considered, the variance will be slightly larger than above result. Please note that this
result is obtained under the assumption of no frequency offset. In the presence of a small frequency offset, the variance
could be slightly larger.
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